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Jèma 1: a) Estw ìti A, B eÐnai tuqaÐa sÔnola kai ìti me P (A) sumbolÐzoume to sÔnolo twn
uposunìlwn tou A. DeÐxte ìti isqÔei P (A)∩P (B) = P (A∩B) kai d¸ste èna antipar�deigma
pou na deÐqnei ìti den isqÔei genik� ìti P (A) ∪ P (B) = P (A ∪B). IsqÔei p�nta k�poia apì
tic sqèseic uposunìlou pou prosdiorÐzei h teleutaÐa aut  isìthta?

b) JumÐzoume ton orismì enìc diatetagmènou zeÔgouc wc sunìlou:

(x, y) = {{x}, {x, y}}

QrhsimopoieÐste ton gia na deÐxte ìti, gia k�je sÔnolo X,

X ×X ⊆ P (P (X))

LÔsh:

(a)

X ∈ P (A) ∩ P (B) ⇔ X ∈ P (A) kai X ∈ P (B)
⇔ X ⊆ A kai X ⊆ B

⇔ X ⊆ A ∩B

⇔ X ∈ P (A ∩B)

IsqÔei p�nta ìti A ⊆ A∪B, �ra P (A) ⊆ P (A∪B) kai, omoÐwc, P (B) ⊆ P (A∪B). Ara
P (A)∪P (B) ⊆ P (A∪B). Den isqÔei ìmwc kat' an�gkh ìti P (A∪B) ⊆ P (A)∪P (B), giatÐ
an, p.q, A = {x}, B = {y}, tìte {x, y} ∈ P (A ∪ B) all� to {x, y} den eÐnai stoiqeÐo oÔte
tou P (A) oÔte tou P (B).

(b)

(x, y) ∈ X ×X ⇒ x ∈ X kai y ∈ X

⇒ {x} ⊆ X kai {x, y} ⊆ X

⇒ {x} ∈ P (X) kai {x, y} ∈ P (X)
⇒ {{x}, {x, y}} ⊆ P (X)
⇒ (x, y) = {{x}, {x, y}} ∈ P (P (X)),

�ra X ×X ⊆ P (P (X)).

Jèma 2: Estw ìti R kai S eÐnai sqèseic epÐ tou sunìlou X. OrÐzoume th sqèsh R ◦ S wc
ex c:

R ◦ S = {(x, y) ∈ X ×X | ∃z ∈ X (x, z) ∈ S kai (z, y) ∈ R}

DeÐxte ìti, an oi R kai S eÐnai anaklastikèc kai summetrikèc sqèseic, tìte kai h R ◦ S eÐnai
anaklastik  kai summetrik  sqèsh.
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LÔsh: Gia thn anaklastikìthta:
Gia k�je x ∈ X èqoume (x, x) ∈ R kai (x, x) ∈ S, epeid  oi R, S eÐnai anaklastikèc. Ara

(x, x) ∈ R ◦ S = {(x, y) ∈ X ×X | ∃z ∈ X (x, z) ∈ S kai (z, y) ∈ R}, k�nontac thn epilog 
z = x.

Gia th summetrÐa: (Ed¸ up�rqei l�joc sthn ekf¸nhsh. Otid pote plhsi�zei to
parak�tw epiqeÐrhma èqei lhfjeÐ wc swstì)

Estw ìti (x, y) ∈ R ◦ S. Tìte up�rqei z ∈ X ¸ste (x, z) ∈ S kai (z, y) ∈ R. Lìgw thc
summetrÐac twn sqèsewn R kai S èqoume ìti (z, x) ∈ S kai (y, z) ∈ R. Ara (y, x) ∈ S ◦ R
(dhlad  de mporoÔme na deÐxoume ìti (y, x) ∈ R ◦ S− autì eÐnai to l�joc. Ja Ðsque ìtan
S = R, opìte kai eÐnai eurÔtera gnwstì.)

Jèma 3: a) ApodeÐxte me epagwg  ìti, gia k�je fusikì arijmì n, 3|n3 + 2n
b) QrhsimopoieÐste me kat�llhlo trìpo to zhtoÔmeno tou 1(b) gia na exhgeÐste giatÐ, gia

k�je fusikì arijmì n, n2 < 22n
(2 mon�dec)

LÔsh:

a) Gia n = 0 èqoume ìti o 3 diaireÐ to 0, tetrimmèna. Deqìmenoi ìti isqÔei gia to n,
exet�zoume thn par�stash gia n + 1. Eqoume

(n + 1)3 + 2(n + 1) = n3 + 3n2 + 3n + 1 + 2n + 2
= (n3 + 2n) + (3n2 + 3n + 3)

O 3 diaireÐ kai touc duo parap�nw prosjetaÐouc (ton arister� apì thn epagwgik  upìje-
sh), �ra diaireÐ kai to �jroism� touc. DeÐxame loipìn ton isqurismì gia to n + 1.

b) An to X eÐnai peperasmèno kai èqei n stoiqeÐa, tìte to X×X èqei n.n = n2 stoiqeÐa, to
P (X) èqei 2n stoiqeÐa, kai to P (P (X)) èqei 22n

stoiqeÐa. Ara apì to (1b) èqoume n2 ≤ 22n
.

Epeid  to P (P (X)) èqei wc stoiqeÐo èna sÔnolo me mhdèn stoiqeÐa, to kenì uposÔnolo, en¸ to
X ×X èqei wc stoiqeÐa sÔnola me dÔo stoiqeÐa, h isìthta de mporeÐ na isqÔei. Ara n2 < 22n

Jèma 4: a) PeÐte ti shmaÐnei ìti mÐa sun�rthsh f :X → Y eÐnai epÐ kai anafèrate èna
par�deigma. DeÐxte ìti an oi f :X → Y kai g:Y → Z eÐnai epÐ, tìte kai h sÔnjesh g◦f :X → Z
eÐnai epÐ.

b) ExhgeÐste giatÐ de mporeÐ na up�rqei antistrèyimh sun�rthsh apì to sÔnolo twn fu-
sik¸n arijm¸n proc to kleistì di�sthma [0, 1].

LÔsh:

a) H f :X → Y eÐnai epÐ an, gia k�je y ∈ Y , up�rqei x ∈ X, ètsi ¸ste y = f(x) (p.q h
tautotik  sun�rthsh epÐ opoioud pote sunìlou). An oi f :X → Y kai g:Y → Z eÐnai epÐ,
tìte gia k�je z ∈ Z up�rqei y ∈ Y ¸ste z = g(y). AfoÔ kai h f eÐnai epÐ tìte gia autì to y
up�rqei x ∈ X ¸ste y = f(x). Ara z = g(y) = g(f(x)) = (g ◦ f)(x), dhlad  h g ◦ f :X → Z
eÐnai epÐ.

b) An up rqe tètoia sun�rthsh ja eÐqame mia aparÐjmhsh twn stoiqeÐwn tou [0, 1], dhlad 
ènan kat�logo twn stoiqeÐwn tou [0, 1], grammènwn sto dekadikì touc an�ptugma, wc ex c:
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0, a00a01a02...

0, a10a11a12...

...

0, an0an1an2...

...

JewroÔme ènan arijmì 0, d0d1d2... sto [0, 1] me thn idiìthta ìti di 6= aii. Tìte o arijmìc
autìc den eÐnai ston kat�logo - �topo.

Jèma 5: a) Estw ìti X eÐnai èna tuqaÐo sÔnolo. An me A(X) sumbolÐsoume to sÔnolo twn
èna-proc-èna kai epÐ sunart sewn apì to X ston eautì tou, tìte jumÐzoume pwc to sÔnolo
autì, me dimel  pr�xh th sÔnjesh kai oudètero stoiqeÐo thn tautotik  sun�rthsh tou X,
eÐnai om�da. JewreÐste èna sugkekrimèno stoiqeÐo x0 ∈ X kai to sÔnolo

H(x0) = {f ∈ A(X) | f(x0) = x0}

DeÐxte ìti to sÔnolo autì eÐnai upoom�da thc A(X).
b) An to x ∈ A eÐnai èna opoiod pote stoiqeÐo tou daktulÐou A kai to a ∈ A eÐnai tètoio

¸ste a.a = 0, exhgeÐste analutik� giatÐ isqÔei ìti

a.(a.x + x.a) = (a.x + x.a).a

LÔsh:

a) ArkeÐ na deÐxoume pwc to uposÔnolo H(x0) tou A(X) eÐnai kleistì wc proc th sÔnjesh
sunart sewn (dhlad  th dimel  pr�xh), perièqei thn tautotik  sun�rthsh tou X (dhlad  to
oudètero stoiqeÐo) kai thn antÐstrofh sun�rthsh k�je sun�rthshc pou eÐnai sto H(x0). Gia
th sÔnjesh duo stoiqeÐwn g, f ∈ H(x0) èqoume (g ◦ f)(x0) = g(f(x0)) = g(x0) = x0, �ra
g ◦f ∈ H(x0). H tautotik  tou X eÐnai sto H(x0) giatÐ idX(x0) = x0. An h f ∈ H(x0), tìte
epeid  h f eÐnai antistrèyimh èqoume f(x0) = x0 ⇒ f−1(f(x0)) = f−1(x0) ⇒ x0 = f−1(x0),
�ra kai h f−1 ∈ H(x0).

b) Eqoume

a.(a.x + x.a) = a.a.x + a.x.a

= 0.x + a.x.a

= a.x.a,

epeid  se k�je daktÔlio 0.x = 0 kai omoÐwc

(a.x + x.a).a = a.x.a + x.a.a

= a.x.a + x.0
= a.x.a
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