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Jèma 1: a) Estw ìti A, B kai C eÐnai trÐa uposÔnola enìc sunìlou X. DeÐxte ìti,
(A−B) ∩ C = ∅ an kai mìno an A ∩ C ⊆ B.

b) Estw ìti f : X → Y eÐnai mia opoiad pote sun�rthsh kai A eÐnai tuqaÐo uposÔnolo
tou X. DeÐxte ìti A ⊆ f−1[f [A]], ìpou f−1[B] = {x ∈ X | f(x) ∈ B}, ìtan B ⊆ Y kai
f [A] = {f(x) ∈ Y | x ∈ A}, ìtan A ⊆ X. (2 mon�dec)

Ap�nthsh: a) ��⇒�� (A−B)∩C = ∅ shmaÐnei (A−B)∩C = (A∩Bc)∩C = (A∩C)∩Bc = ∅
Epomènwc, an gia to stoiqeÐo x ∈ X èqoume x ∈ A∩C, tìte to x de mporeÐ na an kei sto Bc

(diaforetik� (A ∩ C) ∩Bc 6= ∅). Ara x ∈ B.
��⇐�� An A∩C ⊆ B kai (A−B)∩C 6= ∅, tìte up�rqei x ∈ (A−B)∩C = (A∩C)∩Bc,

dhlad  up�rqei x ∈ A ∩ C to opoÐo den an kei sto B -�topo.
b) Estw ìti x ∈ A. Tìte f(x) ∈ {f(x) ∈ Y | x ∈ A} = f [A]. Ara x ∈ {x ∈ X | f(x) ∈

f [A]} = f−1[f [A]].

Jèma 2: DÐnetai èna opoiod pote sÔnolo X kai dÔo sqèseic isodunamÐac R, kai S ep' autoÔ.
DeÐxte ìti h tom  touc R∩S eÐnai epÐshc sqèsh isodunamÐac kai ìti gia tic kl�seic isodunamÐac
anaforik� me autèc tic sqèseic isqÔei [x]R∩S = [x]R ∩ [x]S . (2 mon�dec)

Ap�nthsh: • Gia k�je x ∈ X èqoume (x, x) ∈ R (epeid  h R eÐnai anaklastik ) kai
(x, x) ∈ S (epeid  h S eÐnai anaklastik ). Ara (x, x) ∈ R ∩ S, dhlad  h R ∩ S eÐnai
anaklastik .

• An (x, y) ∈ R ∩ S, tìte (x, y) ∈ R kai (x, y) ∈ S. Epomènwc (y, x) ∈ R (epeid  h R
eÐnai summetrik ) kai (y, x) ∈ S (epeid  h S eÐnai summetrik ). Ara (y, x) ∈ R ∩ S, dhlad  h
R ∩ S eÐnai summetrik .

• An (x, y) ∈ R∩S kai (y, z) ∈ R∩S, tìte (x, y) ∈ R kai (x, y) ∈ S, kaj¸c kai (y, z) ∈ R
kai (y, z) ∈ S. Epomènwc (x, z) ∈ R (epeid  h R eÐnai metabatik ) kai (x, z) ∈ S (epeid  h S
eÐnai metabatik ). Ara (x, z) ∈ R ∩ S, dhlad  h R ∩ S eÐnai metabatik .

Anforik� me thn kl�sh isodunamÐac tou stoiqeÐou x ∈ X wc proc th sqèsh isodunamÐac
R ∩ S èqoume

[x]R∩S = {y ∈ X | (x, y) ∈ R ∩ S}
= {y ∈ X | (x, y) ∈ R kai (x, y) ∈ S}
= {y ∈ X | (x, y) ∈ R} ∩ {y ∈ X | (x, y) ∈ S}
= [x]R ∩ [x]S
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Jèma 3: a) Estw ìti X eÐnai èna tuqaÐo sÔnolo, P (X) to dunamosÔnolì tou (= to sÔnolo
ìlwn twn uposunìlwn tou kai {0, 1}X to sÔnolo ìlwn twn sunart sewn apì to sÔnolo X
sto sÔnolo {0, 1}. OrÐzoume mia sun�rthsh Φ: {0, 1}X → P (X) me tÔpo

Φ(f) = {x ∈ X | f(x) = 1}

DeÐxte ìti h sun�rthsh Φ eÐnai èna-proc-èna (=��amfimonìtimh��, sÔmfwna me to biblÐo thc K.
K�lfa) kai epÐ.

b) An N eÐnai to sÔnolo twn fusik¸n arijm¸n, alhjeÔei ìti to sÔnolo {0, 1}N eÐnai
arijm simo? AitiologeÐste thn ap�nths  sac. (2 mon�dec)

Ap�nthsh: a) Estw ìti Φ(f) = Φ(g). Ja deÐxoume ìti f = g. Eqoume {x ∈ X | f(x) =
1} = {x ∈ X | g(x) = 1}. Ara ta x ∈ X sta opoÐa h f paÐrnei tim  1 eÐnai ta Ðdia me ekeÐna
sta opoÐa h g paÐrnei tim  1. Sta upìloipa oi dÔo sunart seic paÐrnoun th mình �llh dunat 
tim , dhlad  0. Ara oi sunart seic f, g:X → {0, 1} paÐrnoun akrib¸c tic Ðdiec timèc �ra eÐnai
Ðsec.

H sun�rthsh Φ eÐnai epÐ giatÐ, dojèntoc A ∈ P (X) (dhlad  A ⊆ X), h sun�rthsh
χA:X → {0, 1} pou orÐzetai wc

χA(x) =
{

1, x ∈ A
0, x /∈ A

(1)

dÐnei

Φ(χA) = {x ∈ X | χA(x) = 1}
= {x ∈ X | x ∈ A}
= A

b) Apì to (a) èqoume ìti o plhj�rijmoc tou {0, 1}N eÐnai Ðsoc me autìn tou P (N). Apì
to Je¸rhma tou Cantor gnwrÐzoume ìti o plhj�rijmoc tou P (N) eÐnai austhr� megalÔteroc
tou plhjarÐjmou tou N. Ara to {0, 1}N den eÐnai arijm simo.

Jèma 4: DeÐxte (me epagwg  kat� protÐmhsh) ìti, gia k�je fusikì arijmì n, o arijmìc
7 diaireÐ ton arijmì 1 + 22n

+ 22n+1
. (Upìdeixh: QrhsimopoieÐste ton tÔpo (x + y + z)2 =

x2 + y2 + z2 + 2xy + 2yz + 2xz) (2 mon�dec)

Ap�nthsh: Gia n = 0 o arijmìc gÐnetai 1 + 21 + 22 = 7, �ra o 7 ton diaireÐ. Ac deqtoÔme
ìti o isqurismìc mac alhjeÔei gia to n kai ac ton deÐxoume gia to n + 1. O upì exètash
arijmìc gÐnetai

1 + 22n+1
+ 22n+2

= 1 + 22n.2 + 22n+1.2

= 1 + (22n
)2 + (22n+1

)2

(apì ton tÔpo thc upìdeixhc) = (1 + 22n
+ 22n+1

)2 − 2.22n − 2.22n+1 − 2.22n
.22n+1

= (1 + 22n
+ 22n+1

)2 − 2.22n
(1 + 22n

+ 22n+1
)

Apì thn upìjesh thc epagwg c kai oi dÔo prosjetaÐoi thc teleutaÐac èkfrashc diairoÔntai
dia 7, �ra to Ðdio kai o arijmìc pou prokÔptei gia n + 1.
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Jèma 5: DÐnetai mia om�da G kai dÔo upoom�dec thc H1 kai H2. DeÐxte ìti h tom  touc
H1∩H2 eÐnai epÐshc upoom�da thc G kai d¸ste èna antipar�deigma pou na deÐqnei ìti h ènws 
touc den eÐnai aparaÐthta upoom�da (p.q exet�ste dÔo upoom�dec thc om�dac twn akeraÐwn
arijm¸n me pr�xh thn prìsjesh). (2 mon�dec)

Ap�nthsh: To oudètero stoiqeÐo e ∈ G an kei kai stic dÔo upoom�dec, �ra kai sthn tom 
touc. An x, y ∈ H1 ∩ H2, tìte x, y ∈ H1 kai x, y ∈ H2, �ra x.y ∈ H1 kai x.y ∈ H2.
Epomènwc x.y ∈ H1 ∩H2, dhlad  h tom  upoom�dwn eÐnai kleist  wc proc thn pr�xh. Tèloc,
an x ∈ H1 ∩ H2, tìte x ∈ H1 kai x ∈ H2, �ra x−1 ∈ H1 kai x−1 ∈ H2, opìte kai
x−1 ∈ H1 ∩ H2, dhlad  h tom  eÐnai kleist  wc proc antÐstrofa stoiqeÐa. Ara, telik�, h
tom  upoom�dwn eÐnai upoom�da.

JewroÔme tic upoom�dec 2Z = {...,−4,−2, 0, 2, 4, ...} kai 3Z = {...,−6,−3, 0, 3, 6, ...} twn
akeraÐwn. H ènws  touc eÐnai

2Z ∪ 3Z = {...,−9,−8,−6,−4,−3,−2, 0, 2, 3, 4, 6, 8, 9, ...}

To stoiqeÐo 3 + 4 = 7 den an kei sthn ènwsh, dhlad  h ènwsh den eÐnai kleist  wc proc th
dimel  pr�xh thc om�dac.
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