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Prìlogoc
Me thn olokl rwsh aut c thc ergasÐac, aisj�nomai bajei� thn an�gkh

thc euqaristÐac proc to Jeì, diìti me endun�mwse kai enÐsquse thn teleutaÐa
trietÐa, sthn olokl rws  thc.

Oi duskolÐec pou antimet¸pisa, eÐnai al jeia ìti arketèc forèc me od gh-
san se di�forec ep¸dunec skèyeic, all� mou �noixan kai kainoÔriouc drìmouc.
Telik�, diapÐstwsa gi' �llh mia for�, ìti an k�poioc èqei agwnistik  di�jesh,
apì ìpoiec duskolÐec ki an per�sei, p�ntote odhgeÐtai s�ena jetikì apotèles-
ma.

PisteÔw ìti mèsa ap' aut  thn prosp�jeia kai anane¸jhka kai anapter¸jh-
ka kai kurÐwc, aisj�njhka ìti sunèbala ki eg¸ sth bajÔterh katanìhsh kai
an�lush k�poiwn ennoi¸n thc Majhmatik c Epist mhc. Den diekdik¸, bebaÐ-
wc, oÔte thn idiaÐterh dìxa, oÔte th meg�lh kataxÐwsh. Aut�, gnwrÐzw kal�,
ìti an koun se �llouc. Proswpik�, mou arkeÐ h plhroforÐa thc suneÐdhs c
mou ìti èkana autì pou mporoÔsa, me sunèpeia. Den eÐmai fusik�, diatejeimènh
na gÐnw krit c thc proswpik c mou prosp�jeiac. All� h aÐsjhs  mou, ìpwc
aporrèei kai apì th gn¸mh twn eidhmìnwn kajhght¸n mou, eÐnai ìti k�ti kalì
bg ke ap' autì to mikrì ag¸na.

'Omwc, mèsa ap'thn kardi� mou, ofeÐlw na ekfr�sw tic idiaÐterec euqaristÐec
mou prwtÐstwc sthn oikogènei� mou, pou me galoÔqhse kai mou metèdwse tic
ìntwc pneumatikèc axÐec pou me sthrÐzoun sto di�ba thc zw c kai sugqrìnwc
mou èdwse thn eukairÐa na spoud�sw thn Epist mh pou apì mikrì paidÐ ag�ph-
sa.
Katìpin kai kat� seir�, ofeÐlw na euqarist sw:

- Touc UpeujÔnouc tou UpourgeÐou PaideÐac, gia th qorhghjeÐsa �deia.
- Th DioÐkhsh kai thn EpopteÐa twn sqoleÐwn thc Filekpaideutik c E-

taireÐac, pou thn apedèqjh.
- Ton epiblèponta Kajhght  mou k. Pan. Karazèrh, o opoÐoc ap' thn arq 

wc to tèloc me bo jhse amèrista, me parakoloÔjhse anellip¸c kai me èntono
endiafèron sthn ìlh mou prosp�jeia, sthn epÐlush twn epimèrouc problh-
m�twn mou, apori¸n kai duskoli¸n mou, ¸ste na noi¸jw èntono to qrèoc thc
eugnwmosÔnhc gia thn ìlh tou sumbol .

- Ton omìtimo Kajhght  mou k. Iw. Stamp�kh, gia ìlh thn hjik  kai
ousiastik  sumpar�stas  tou, sth foithtik , epaggelmatik  kai metaptuqiak 
mou poreÐa. Me dÐdaxe me tic gn¸seic kai to  joc tou.

- Thn taktik  Kajhg tri� mou k. Agg. Kontol�tou gia thn omìjumh
st rix  thc.

- Euqarist¸ akìmh, olìjerma, touc eklektoÔc sunadèlfouc k. Ap. Matz�rh
kai k. Gr. Prots¸nh gia thn amèristh bo jeia pou mou prìsferan, ìpote ki
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an thn qrei�sthka.
- IdiaÐterec euqaristÐec proc ton entimìtato k. Jeìd. Qalkiìpoulo, pr¸hn

grammatèa tou Tm. Majhmatik¸n, gia thn polÔtimh bo jei� tou sthn epÐlush
polÔ shmantik¸n diadikastik¸n zhthm�twn.

- EpÐshc, euqarist¸ kai touc exaÐretouc oikogeneikoÔc fÐlouc arqim. p.HsÔqio
Pèppa, k. Dhm. FarmakÐdh - dikhgìro kai k. Ajan. K�mtsio - qhmikì, gia
thn olìjermh sunantÐlhy  touc.

Febrou�rioc 2010
A. G. P.
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EISAGWGH

Sthn ergasÐa pou akoloujeÐ, ja prospaj soume na parousi�soume, sta
plaÐsia tou antikeimènou thc Omologiak c 'Algebrac, tic ènnoiec twn makr¸n
akrib¸n akolouji¸n, tic epekt�seic twn modules kai tic om�dec
Ext, sth sunèqeia tic epekt�seic twn omologiak¸n kai sunomolo-
giak¸n sunartht¸n kai tèloc, twn parag¸gwn sunartht¸n, pou
prokÔptoun mèsw probolik¸n kai enriptik¸n epilÔsewn twn modules,
  genikìtera antikeimènwn abelian¸n kathgori¸n.

O kl�doc thc Omologiak c 'Algebrac èqei tic arqèc tou sta mèsa tou 19ou
ai., me th jewrÐa twn {omologiak¸n arijm¸n}, pou parousÐsan oi Riemann
(1857) kai Betti (1871) kai anèptuxe, austhr�, o Poincaré (1895).

Mèqri to 1945 oi di�forec omologiakèc ènnoiec pou eis qjhkan, kinoÔntan
ìlec sto q¸ro thc TopologÐac. Kat� thn perÐodo 1940 - 1955 topologik�
proerqìmenec teqnikèc, ìpwc twn Ext (me ta opoÐa asqoloÔmaste sto 2o ke-
f�laio) kai Tor, efarmìsthkan gia ton orismì kai thn anak�luyh omologÐac
kai sun-omologÐac diafìrwn algebrik¸n susthm�twn, pou aforoÔsan abelianèc
om�dec kai modules kai akìma omologÐac kai sun-omologÐac om�dwn kai al-
gebr¸n Lie, ìpwc kai sun-omologÐac prosetairistik¸n algebr¸n. Sumplhrw-
matik�, o Leray eis gage ta dr�gmata (sheaves), th sun-omologÐa dragm�twn
kai tic fasmatikèc akoloujÐec (spectral sequences).

All� h epan�stash ègine me to biblÐo twn Cartan kai Eilenberg [CE].
AutoÐ, apodÐdontac sto èrgo touc ton ìro {Omologiak  'Algebra}, sugkèntr-
wsan kai apokrust�llwsan tic mèqri tìte di�spartec anakalÔyeic, prot�seic
kai omologiakèc jewrÐec, jètontac tic b�seic kai arqèc tou nèou antikeimè-
nou. Sthn ìlh touc melèth qrhsimopoÐhsan susthmatik� touc par�gwgouc
sunarthtèc (stouc opoÐouc anaferìmaste sto 3o kef�laio thc ergasÐac aut -
c), pou orÐzontai di� probolik¸n kai enriptik¸n epilÔsewn modules.

'Etsi, me b�sh to biblÐo twn Cartan-Eilenberg, h Omologiak  'Algebra
apotèlese xeqwristì kl�do, me taqeÐa exèlixh.

Endeiktik� anafèroume thn èreuna gia th genÐkeush thc jewrÐac twn parag¸g-
wn sunartht¸n, pou od ghse stic abelianèc kathgorÐec kai ta mh tetrimmèna
paradeÐgmata probolik¸n modules, pou od ghsan sthn an�ptuxh thc alge-
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brik c K-jewrÐac. En suneqeÐa, h melèth twn enriptik¸n epilÔsewn èfere th
jewrÐa tou Grothendieck gia th sun-omologÐa dragm�twn, thn anak�luyh twn
daktulÐwn Gorenstein kai thc topik c duðkìthtac, pou emfanÐzetai tìso sth
jewrÐa daktulÐwn, ìso kai sthn algebrik  gewmetrÐa.

Me th seir� touc, oi sun-omologiakèc mèjodoi èpaixan rìlo kleidÐ se
anakalÔyeic thc jewrÐac twn parag¸gwn kathgori¸n, thc algebrik c gewmetrÐac,
all� kai thc jewrÐac arijm¸n. Aplopoihmènec mèjodoi parousi�sthkan apì
touc Kan, Dold kai Puppe, me apotèlesma th dhmiourgÐa thc omotopik c �l-
gebrac, twn mh abelian¸n par�gwgwn sunartht¸n kai thn an�ptuxh twn o-
mologi¸n André-Quillen, thc kuklik c kai thc topologik c omologÐac Hochschild.

Mèqri to 1970 to biblÐo twn Cartan-Eilenberg [CE]  tan to basikì egqeirÐdio
sth omologiak  �lgebra, en¸ axioshmeÐwtec ergasÐec eÐqan parousi�sei oi
Mac Lane (1948) kai Grothendieck (Tohoku paper-1957). Tìte emfanÐsthkan
ta biblÐa tou Rotman {Shmei¸seic sthn Omologiak  'Algebra}(1970) kai twn
Hilton-Stammbach [HStm] (1971) (apì to opoÐo antl jhkan arket� stoiqeÐa
gia thn ergasÐa pou akoloujeÐ).

S' autì to qronikì shmeÐo, jewreÐtai pwc o kl�doc thc Omologiak c 'Al-
gebrac jespÐsthke stajer� kai oristik�.
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Kef�laio 1

BASIKES ENNOIES

A. APO TH JEWRIA TWN MODULES

H melèth mac anafèretai stic idiìthtec kai sqèseic pou aforoÔn abelianèc
kathgorÐec, dhlad  om�dec sunìlwn me sugkekrimèna qarakthristik� kai mor-
fismoÔc metaxÔ aut¸n, me pio qarakthristikì par�deigma thn kathgorÐa twn
modules kai twn omomorfism¸n metaxÔ touc. 'Etsi xekin�me me stoiqeÐa thc
jewrÐac twn modules, qr sima gia thn parousÐash twn ennoi¸n pou ja mac
apasqol soun. H ènnoia tou module eÐnai mia genÐkeush twn ennoi¸n tou
dianusmatikoÔ q¸rou kai thc abelian c om�dac. Autì shmaÐnei ìti an o dak-
tÔlioc L tou parak�tw orismoÔ eÐnai s¸ma, tìte to L-module pou prokÔptei
eÐnai ènac dianusmatikìc q¸roc epÐ tou L kai s' aut  thn perÐptwsh, ènac
L-module omomorfismìc eÐnai ènac grammikìc metasqhmatismìc. An, t¸ra,
Λ = Z, tìte apl�, to Z-module eÐnai abelian  om�da kai ènac omomorfismìc
s' aut  thn kathgorÐa, eÐnai omomorfismìc abelian¸n om�dwn.

1.1 Modules kai module-omomorfismoÐ

1.1.1 Orismìc. Aristerì module s' èna daktÔlio L (p�nta ja
logÐzetai monadiaÐoc)   aristerì L-module onom�zetai mia abelian  om�da
A mazÐ me èna omomorfismì ω : Λ → End(A,A).

O ìroc (ω(λ))(a), a ∈ A, λ ∈ Λ, ja gr�fetai λa.

MporoÔme, tìte, na lème gia L-pr�xh (apì arister�) epÐ tou A, me thn ènnoia
ìti antistoiqoÔme se k�je zeÔgoc (λ, a) to stoiqeÐo λa. Profan¸c, gia k�je
a, a1, a2 ∈ A, λ, λ1, λ2 ∈ Λ, isqÔoun oi parak�tw sqèseic:
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1¦ (λ1 + λ2)a = λ1a + λ2a

2¦ (λ1λ2)a = λ1(λ2a)

3¦ 1Λa = a

4¦ λ(a1 + a2) = λa1 + λa2

Antistrìfwc, an mia pr�xh tou L epÐ thc abelian c om�dac A ikanopoieÐ tic
parap�nw tèsseric sqèseic, tìte orÐzei èna omomorfismì daktulÐwn

ω : Λ → End(A,A), mèsw tou kanìna: (ω(λ))(a) = λa.

1.1.2 Orismìc. An jewr soume wc Λop to daktÔlio pou sunÐstatai apì
thn Ðdia abelian  prosjetik  om�da me ton L, all� se k�je zeÔgoc (λ′1, λ

′
2)

antistoÐzei to ginìmeno λ′2λ
′
1, tìte mporoÔme na orÐsoume to dexÐ module

epÐ tou L   dexÐ L-module na eÐnai to aristerì Λop −module, dhlad  h
abelian  om�da A mazÐ me ton omomorfismì daktulÐwn ω′ : Λop → End(A,A).

PernoÔme t¸ra stouc omomorfismoÔc metaxÔ twn L-modules, se orismoÔc
sunìlwn, sqèseic kai idiìthtec - prot�seic pou sqetÐzontai m' autoÔc.

1.1.3 Orismìc. An A kai B dÔo L-modules, omomorfismìc φ : A → B
twn L-modules A kai B onom�zetai o omomorfismìc twn abelian¸n om�dwn
A kai B, ¸ste φ(λa) = λφ(a), gia k�je a ∈ A, λ ∈ Λ.

I ı̇) An o φ eÐnai epÐ, ja ton sumbolÐzoume φ : A ³ B.
I ı̇ı̇)An o φ eÐnai 1-1, ja shmei¸noume A ½ B.
I ı̇ı̇ı̇)An o φ eÐnai isomorfismìc, ja gr�foume φ : A

∼ // B .
¨ Gia opoiond pote omomorfismì φ : A → B:

1.1.4 Orismìc. Onom�zoume pur na tou φ to sÔnolo

Kerφ = {a ∈ A/φ(a) = φa = 0},

pou eÐnai upo-module tou A.

ShmeÐwsh: N An i : Kerφ → A, i(x) = x h sun�rthsh egkleismoÔ, tìte
profan¸c φi = 0, ìpou φi : Kerφ → B.

H To sÔnolo tou pur na enìc omomorfismoÔ φ èqei thn ex c kajolik 
idiìthta: An θ : N → A eÐnai ènac akìma omomorfismìc, ¸ste φθ = 0,

2



tìte up�rqei monadikìc omomorfismìc ν : N → Kerφ, ¸ste na isqÔei θ = iν,
dhlad  to parak�tw trÐgwno na eÐnai antimetajetikì:

Kerφ
i // A

φ // B

N

θ

??ÄÄÄÄÄÄÄÄ

ν
bb

1.1.5 Orismìc. To sÔnolo

imφ = {β ∈ B/β = φ(a) = φa, a ∈ A}
onom�zetai eikìna tou φ kai eÐnai upo-module tou B.

ShmeÐwsh: N O φ eÐnai 1-1 an kai mìno an Kerφ = {0} kai tìte mporoÔme
na tautÐzoume to L-module A me to φA = imφ.

H IsqÔei ìti o isomorfismìc twn abelian¸n om�dwn A/Kerφ ∼ // imφ
eÐnai epÐshc isomorfismìc twn L-modules.

1.1.6 Orismìc. EpÐshc, onom�zoume sun-pur na tou φ to sÔnolo-
phlÐko

cokerφ = B/imφ.

An πB : B → cokerφ h kanonik  sun�rthsh, pou stèlnei k�je stoiqeÐo b ∈ B
sto sÔnolo {b} + imφ - stoiqeÐo tou cokerφ, tìte profan¸c πBφ = 0, ìpou
πBφ : A → cokerφ.

ShmeÐwsh: N O φ eÐnai epÐ an kai mìno an B = imφ, dhlad  cokerφ = {0}.
S' aut  thn perÐptwsh, mporoÔme na tautÐzoume to L-module B me to sÔnolo-
phlÐko A/Kerφ.

H An�loga me thn kajolik  idiìthta tou pur na, kai to sÔnolo tou sun-
pur na enìc omomorfismoÔ φ èqei thn ex c kajolik  idiìthta:
An η : B → M eÐnai ènac akìma omomorfismìc ¸ste ηφ = 0, tìte up�rqei
monadikìc omomorfismìc µ : cokerφ → M , ¸ste na isqÔei η = µπB, dhlad 
¸ste to parak�tw trÐgwno na eÐnai antimetajetikì:

A
φ // B

πB //

η
!!CC

CC
CC

CC
cokerφ

µ
zz

M
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1.2 AkribeÐc akoloujÐec - diagr�mmata

1.2.1 Orismìc. 'Estw ìti dÐnontai dÔo omomorfismoÐ metaxÔ L-modules oi
φ : A → B kai ψ : B → C. H akoloujÐa

A
φ // B

ψ // C

onom�zetai akrib c (sto B), an isqÔei

Kerψ = imφ.

ParadeÐgmata:

¨ ı̇) H akoloujÐa

0 // A
φ // B

eÐnai akrib c (sto A) an kai mìno an o φ eÐnai 1-1.

¨ ı̇ı̇)H akoloujÐa

A
φ // B // 0

eÐnai akrib c (sto B) an kai mìno an o φ eÐnai epÐ.

¨ ı̇ı̇ı̇) H akoloujÐa

0 // A
φ // B

ψ // C // 0

eÐnai akrib c (sta A, B, C) an kai mìno an
I o φ: 1-1 (dhlad  ep�gei èna isomorfismì A

∼ // φA = Kerψ) kai
I o ψ: epÐ (dhlad  ep�gei èna isomorfismì B/Kerψ = B/φA ∼ // C ).

Me �lla lìgia, to A eÐnai upo-module tou B, en¸ to C to antÐstoiqo mod-
ule-phlÐko. Mia tètoia akrib c akoloujÐa onom�zetai braqeÐa akrib c
akoloujÐa kai shmei¸netai A ½ B ³ C.
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¨ Qarakthristik  perÐptwsh eÐnai h diaspìmenh braqeÐa akrib c
akoloujÐa.

1.2.2 Orismìc. Mia braqeÐa akrib c akoloujÐa A // µ // B
ε // // C apì

L-modules diasp�tai, an up�rqei ènac dexi� antÐstrofoc tou ε, L-module
omomorfismìc σ : C → B, pou onom�zetai diaspastikìc, kai eÐnai tètoioc
¸ste εσ = 1C .

1.2.3 Orismìc. An A,B,C, D eÐnai L-modules kai a, b, g, d L-module
omomorfismoÐ, lème ìti to di�gramma

A
α //

γ

²²

B

β
²²

C
δ // D

eÐnai antimetajetikì, an isqÔei βα = δγ : A → D.

Parajètoume ta akìlouja l mmata, pou aforoÔn akribeÐc akoloujÐec se
antimetajetik� diagr�mmata, eÐnai qarakthristik� kai qr sima gia th sunèqeia.

1.2.4 L mma. DÐnontai A ½ B ³ C kai A′ ½ B′ ³ C ′ dÔo braqeÐec,
akribeÐc akoloujÐec kai èstw ìti sto parak�tw antimetajetikì di�gramma dÔo
opoioid pote apì touc k�jetouc omomorfismoÔc eÐnai isomorfismoÐ.

A // µ //

α

²²

B
ε // //

β
²²

C

γ

²²
A′ // µ′ // B′ ε′ // // C ′

Tìte kai o trÐtoc k�jetoc omomorfismìc eÐnai isomorfismìc.

1.2.5 L mma. (tou Lambek) Sto antimetajetikì di�gramma me akribeÐc
seirèc, pou akoloujeÐ:

A′ α1 //

ψ
²²

Σ1

A
α2 //

φ

²²
²O
²O
²O Σ2

A′′

θ
²²

B′
β1

// B
β2

// B′′

o omomorfismìc φ ep�gei èna isomorfismì

Φ :
kerθα2

kerα2+kerφ
∼ // imφ∩imβ1

imφα1
.
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ShmeÐwsh: Gia na dieukolÔnoume th graf , dÐnoume ton orismì:

1.2.6 Orismìc. An to Σ eÐnai èna antimetajetikì tetr�gwno, ìpou A,A′, B, B′:
L-modules, tìte orÐzoume

A′ α //

ψ
²²

Σ

A

φ

²²
B′ β // B

eikìna tou Σ: imΣ =
imφ∩imβ

imφα kai

pur na tou Σ : kerΣ =
kerφα

kerα+kerψ

Me b�sh aut  thn orologÐa, to l mma tou Lambek dÐnei ton isomorfismì

Φ : kerΣ2
∼ // imΣ1   alli¸c: kerΣ2

∼= imΣ1

Apìdeixh tou l mmatoc Lambek: J Pr¸ta deÐqnoume ìti o φ ep�gei
ton omomorfismì Φ.

'Estw x ∈ kerθα2 ⇒ 0 = θα2x = β2φx ⇒ φx ∈ kerβ2 = imβ1

⇒ φx ∈ imφ ∩ imβ1.

An x = x1+x2 ∈ kerα2+kerφ,

{
x1 ∈ kerα2 = imα1 ⇒ φx1 ∈ imφα1

x2 ∈ kerφ ⇒ φx2 = 0 ∈ imφα1

=⇒ φx = φx1 + φx2 ∈ imφα1.

'Ara o Φ eÐnai kal� orismènoc kai ìpwc kai o φ, eÐnai omomorfismìc.

J Ja deÐxoume t¸ra ìti o Φ eÐnai epÐ.

An y ∈ imφ ∩ imβ1 =⇒
{
∃x ∈ A, φx = y

y ∈ imβ1 = kerβ2

=⇒ 0 = β2(φx) = θα2x

=⇒ x ∈ kerθα2 =⇒ o Φ eÐnai epÐ.

J Tèloc, deÐqnoume ìti o Φ eÐnai 1-1.

An x ∈ kerθα2, φx ∈ imφα1 =⇒ ∃z ∈ A′, φx = φα1z

(epeid  φ omomorfismìc), =⇒ ∃t ∈ kerφ, x = α1z + t
=⇒ x ∈ imα1 + kerφ = kerα2 + kerφ.

Autì shmaÐnei ìti to x eÐnai mhdenikì stoiqeÐo tou kerθα2
kerα2+kerφ. ♦
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1.2.7 L mma. (tou fidioÔ) 'Estw to akìloujo antimetajetikì di�gramma me
akribeÐc seirèc:

A
µ //

α

²²

B
ε //

β
²²

C //

γ

²²

0

0 // A′ µ′ // B′ ε′ // C ′

Tìte up�rqei ènac {sundetikìc} omomorfismìc ω : kerγ → cokerα, ¸ste h
epìmenh akoloujÐa na eÐnai akrib c:

kerα
µ∗ // kerβ

ε∗ // kerγ
ω ///o /o /o cokerα

µ′∗ // cokerβ
ε′∗ // cokerγ

Apìdeixh: Apì to dosmèno di�gramma prokÔptei to akìloujo antimeta-
jetikì di�gramma, me ìlec tic akoloujÐec, orizìntia kai k�jeta, akribeÐc:

kerα
µ∗ ///o /o /o /o /o /o /o /o

²²

iA
²²

kerβ
ε∗ ///o /o /o /o /o /o /o /o

²²
iB

²² Σ1

kerγ²²
iC

²²

-m +k )i
#c

¾[ »X
¹V
·T
¶S
´Q

A
µ //

α

²²

Σ3

B
ε //

β

²²

Σ2

C //

γ

²²

ω

©H
¨G
§F¥D

Ä?
z:v6r2q1p0

0

o/q1r2u5z:
Ä?

¥D§F
©H
ªI

o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/

0 //

,,

´Q
¶S
·T
¹V
»X ¾[

#c
)i +k

A′ µ′ //

πA′
²²²²

Σ4

B′ ε′ //

πB′
²²²²

C ′

πC′
²²²²

cokerα
µ′∗ ///o /o /o /o /o cokerβ

ε′∗ ///o /o /o /o /o cokerγ

Me b�sh to prohgoÔmeno l mma tou Lambek, èqoume:

imΣ1
∼= kerΣ2

∼= imΣ3
∼= kerΣ4.

Ja deÐxoume akìma ìti:

ı̇) imΣ1
∼= cokerε∗ kai ı̇ı̇) kerΣ4

∼= kerµ′∗

J ı̇) imΣ1 =
imiC∩imε

imiCε∗
∼= kerγ∩imε

imε∗ (iC omomorfismìc egkleismoÔ).

ε : epimorfismìc =⇒ kerγ ⊆ imε =⇒ kerγ ∩ imε = kerγ. 'Ara

imΣ1
∼=kerγ

imε∗= cokerε∗.
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J ı̇ı̇) kerΣ4 =
kerπB′µ

′
kerµ′+kerπA′

.
O µ′ monomorfismìc =⇒ kerµ′ = {0} =⇒ kerµ′ + kerπA′ = kerπA′ .

Epeid  to sÔnolo ker(πB′µ
′) eÐnai upo-module tou A′, eÐnai:

A′/kerπA′
∼= imπA′ =⇒ ker(πB′µ

′)/kerπA′
∼= {πA′(x), x ∈ kerπB′µ

′}.

An, ìmwc, x ∈ ker(πB′µ
′) =⇒ (πB′µ

′)(x) = πB′(µ
′(x)) = 0

=⇒ [µ′(x)] = 0 ∈ cokerβ

=⇒ µ′(x) ∈ imβ. Epomènwc

kerΣ4
∼= {πA′(x), x ∈ A′ : µ′(x) ∈ imβ}.

All�
kerµ′∗ = {y ∈ cokerα : µ′∗(y) = 0}

= {[x] ∈ A′/imα : [µ′(x)] = 0 ∈ B′/imβ, x ∈ A′}
= {[x] ∈ A′/imα : µ′(x) ∈ imβ}
= {πA′(x), x ∈ A′ : µ′(x) ∈ imβ}. 'Ara

kerΣ4
∼= kerµ′∗

Up�rqei, loipìn, ènac isomorfismìc f : cokerε∗
∼ // kerµ′∗ .

OrÐzoume, t¸ra, ton omomorfismì

ω = icokerα · f · πkerγ,

afoÔ sumplhr¸soume to parap�nw di�gramma, wc ex c:

kerα
µ∗ // kerβ

ε∗ // kerγ
ω //

πkerγ

²²²²

cokerα
µ′∗ // cokerβ

ε′∗ // cokerγ

cokerε∗
∼
f

// kerµ′∗
OO
icokerα

OO

Gia na k�nei o ω thn akoloujÐa akrib , ja prèpei akìma na deÐxoume:

ı̇ı̇ı̇) kerω = imε∗ kai ı̇v) imω = kerµ′∗.

Pr�gmati,
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J ı̇ı̇ı̇) kerω = {x ∈ kerγ : ω(x) = 0}
= {x ∈ kerγ : (icokerα · f · πkerγ)(x) = 0}
= {x ∈ kerγ : i(f(π(x))) = 0}
= {x ∈ kerγ : i(f([x])) = 0, [x] ∈ cokerε∗}
= {x ∈ kerγ : f([x]) = 0}, diìti h i eÐnai 1-1
= {x ∈ kerγ : [x] = 0}, diìti h f eÐnai 1-1
= {x ∈ kerγ : x ∈ imε∗} = imε∗.

J ı̇v) kerµ′∗ ⊆ imω (profan¸c).

An x ∈ kerγ =⇒ π(x) ∈ cokerε∗ =⇒ f(π(x)) ∈ kerµ′∗
=⇒ µ′∗((i · f · π)(x)) = 0 =⇒ µ′∗(ω(x)) = 0
=⇒ imω ⊆ kerµ′∗.

Dhlad  isqÔei
imω = kerµ′∗. ♦

1.3 H om�da twn module-omomorfism¸n

JewroÔme t¸ra dÔo L-modules A kai B kai to sÔnolo ìlwn twn L-module
omomorfism¸n apì to A sto B. Shmei¸noume to sÔnolo autì HomΛ(A,B).

H prìsjesh sto sÔnolo HomΛ(A,B) orÐzetai wc ex c: An φ, ψ : A → B
dÔo L-module omomorfismoÐ, tìte

φ + ψ : A → B, (φ + ψ)(a) = φ(a) + ψ(a),∀a ∈ A.

ShmeÐwsh: An φ, ψ ∈ HomΛ(A,B) =⇒ φ + ψ ∈ HomΛ(A,B) kai to
sÔnolo HomΛ(A, B) eÐnai mia prosjetik  abelian  om�da.

An β : B1 → B2 eÐnai ènac L-module omomorfismìc, antistoiqoÔme ston
omomorfismì φ : A → B1 ton omomorfismì βφ : A → B2 ki ètsi orÐzoume th
sun�rthsh

β∗ = HomΛ(A, β) : HomΛ(A,B1) → HomΛ(A,B2), β∗(φ) = βφ
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O β∗ eÐnai omomorfismìc abelian¸n om�dwn, kaj¸c an φ, ψ : A → B1, isqÔei
β[(φ + ψ)(a)] = β[(φ(a) + ψ(a)] = βφ(a) + βψ(a) = (βφ + βψ)(a),∀a ∈ A.
Dhlad 

β∗(φ + ψ) = β∗(φ) + β∗(ψ) : A → B2.

Gi' autì ton omomorfismì β∗, isqÔoun oi parak�tw dÔo kanìnec:

I ı̇)An β : B1 → B2 kai β′ : B2 → B3, tìte

(β′β)∗ = β′∗β∗ : HomΛ(A,B1) → HomΛ(A,B3)

I ı̇ı̇)An β : B1 → B1 o tautotikìc omomorfismìc, tìte
β∗ : HomΛ(A,B1) → HomΛ(A,B1) tautotikìc omomorfismìc, dhlad 

β = 1B1 =⇒ β∗ = 1HomΛ(A,B1).

ShmeÐwsh: Genik�, me to sÔmbolo HomΛ(A,−) ja antistoiqoÔme se k�je
L-module B mia abelian  om�da HomΛ(A,B) kai se k�je L-module omomor-
fismì β : B1 → B2 èna omomorfismì abelian¸n om�dwn

β∗ = HomΛ(A, β) : HomΛ(A,B1) → HomΛ(A,B2).

AntÐstoiqa, an jewr soume èna L-module omomorfismì α : A2 → A1,
tìte antistoiqoÔme se k�je omomorfismì φ : A1 → B ton omomorfismì
φα : A2 → B ki ètsi orÐzoume th sun�rthsh

α∗ = HomΛ(α,B) : HomΛ(A1, B) → HomΛ(A2, B), α∗(φ) = φα

pou omoÐwc eÐnai omomorfismìc abelian¸n om�dwn, me touc dÔo parak�tw
kanìnec na isqÔoun gi' autìn:

I ı̇) An α : A2 → A1 kai α′ : A3 → A2, tìte

(αα′)∗ = α′∗α∗ : HomΛ(A1, B) → HomΛ(A3, B) (antistrèfetai h seir�)

I ı̇ı̇) α = 1A1 =⇒ α∗ = 1HomΛ(A1,B).
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J' anafèroume t¸ra, dÔo jewr mata pou sqetÐzoun tic akribeÐc akoloujÐec
me tic abelianèc om�dec HomΛ.

1.3.1 Je¸rhma. 'Estw B1
// µ // B

ε // B2 mia akrib c akoloujÐa apì
L-modules. Gia k�je L-module A, prokÔptei h akìloujh akrib c akoloujÐa:

HomΛ(A,B1) // µ∗ // HomΛ(A,B)
ε∗ // HomΛ(A,B2)

.

1.3.2 Je¸rhma. 'Estw A1
µ // A

ε // // A2 mia akrib c akoloujÐa apì
L-modules. Gia k�je L-module B, prokÔptei h akìloujh akrib c akoloujÐa:

HomΛ(A2, B) // ε∗ // HomΛ(A,B)
µ∗ // HomΛ(A1, B)

.

ShmeÐwsh: N Akìma kai sthn perÐptwsh pou o omomorfismìc ε eÐnai epÐ,
o antÐstoiqoc ε∗ tou jewr matoc (1.3.1) den eÐnai, genik�, epÐ.

H OmoÐwc, gia to je¸rhma (1.3.2) dieukrinÐzoume ìti akìmh ki an o m eÐnai
1-1, genik� o µ∗ den eÐnai epÐ.

1.4 AjroÐsmata kai Ginìmena

Gia dÔo L-modules A kai B kataskeu�zoume to eujÔ �jroisma A ⊕ B
twn A kai B, wc to sÔnolo twn zeug¸n (a, b), me a ∈ A kai b ∈ B, mazÐ me tic
pr�xeic kat� sunist¸sa, thn prìsjesh kai ton pollaplasiasmì:

(a, b) + (a′, b′) = (a + a′, b + b′), λ(a, b) = (λa, λb).

EÐnai safèc ìti oi L-module omomorfismoÐ

iA : A → A⊕B, iA(a) = (a, 0), iB : B → A⊕B, iB(b) = (0, b) eÐnai 1-1.

1.4.1 Prìtash. An M eÐnai èna L-module, ψA : A → M kai ψB : B → M
L-module omomorfismoÐ, tìte up�rqei mia monadik  apeikìnish

ψ =< ψA, ψB >: A⊕B → M

¸ste na isqÔei ψiA = ψA kai ψiB = ψB.
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Ekfr�zoume thn prohgoÔmenh prìtash me to parak�tw di�gramma, sto opoÐo
ta dÔo sqhmatizìmena trÐgwna eÐnai antimetajetik�:

A

iA $$IIIIIIIII
ψA

,,XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

A⊕B
∃! ψ // M

B

iB
::uuuuuuuuu ψB

22fffffffffffffffffffffffffffffffff

To sÔmbolo ∃! ψ dhl¸nei th monadikìthta tou ψ =< ψA, ψB >: A⊕B → M ,
ìpou ψ(a, b) = ψA(a) + ψB(b).

Ston akìloujo orismì epekteÐnoume thn ènnoia tou ajroÐsmatoc, gia peris-
sìtera apì dÔo L-modules. An, loipìn, {Aj}, j ∈ J eÐnai mia oikogèneia apì
L-modules, me upo-deÐktec apì to J , orÐzoume to eujÔ touc �jroisma

⊕
j∈J Aj.

1.4.2 Orismìc. I 'Ena stoiqeÐo tou
⊕

j∈J Aj eÐnai mia oikogèneia
(aj)j∈J , aj ∈ Aj, en¸ aj 6= 0, mìno gia peperasmèno pl joc upo-deikt¸n j.
I H prìsjesh orÐzetai apì ton tÔpo (aj)j∈J + (bj)j∈J = (aj + bj)j∈J kai
I o L-pol/smìc apì th sqèsh λ(aj)j∈J = (λaj)j∈J .
'Opwc eÔkola prokÔptei, to eujÔ �jroisma apì L-modules, me tic parap�nw
pr�xeic, eÐnai èna L-module.

Gia k�je k ∈ J orÐzoume tic enrÐyeic ik : Ak →
⊕

j∈J Aj (1-1 omomorfis-
moÔc), me

ik(ak) = (bj)j∈J , ìpou bj = 0 gia j 6= k kai bk = ak, ak ∈ Ak.
Tìte isqÔei h parak�tw prìtash, pou ekfr�zei thn kajolik  idiìthta gia to
eujÔ �jroisma twn L-modules.

1.4.3 Prìtash. An M eÐnai èna L-module kai {ψj : Aj → M}, j ∈ J ,
mÐa oikogèneia L-module omomorfism¸n, tìte up�rqei monadikìc omomorfismìc
ψ =< ψj >:

⊕
j∈J Aj → M , ètsi ¸ste ψij = ψj, gia k�je j ∈ J dhlad  o ψ

k�nei to kajèna apì ta parak�tw trÐgwna antimetajetikì:

Aj

ij $$HHHHHHHHH
ψj

++VVVVVVVVVVVVVVVVVVVVVVVVVVVV

⊕
j∈J Aj ∃! ψ

// M

H kajolik  idiìthta qarakthrÐzei to eujÔ �jroisma kai tic 1-1 enrÐyeic ij,
mèqric enìc monadikoÔ isomorfismoÔ. Dhlad  gia k�je L-module S, pou èqei
mia tètoia idiìthta, ja up�rqei monadikìc isomorfismìc S ∼= ⊕

j∈J Aj.
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ProqwroÔme sto eujÔ ginìmeno
∏

j∈J Aj oikogèneiac {Aj}, j ∈ J apì
L-modules.

1.4.4 Orismìc. 'Ena stoiqeÐo tou
∏

j∈J Aj eÐnai mia oikogèneia (aj)j∈J

stoiqeÐwn aj ∈ Aj, qwrÐc kanèna periorismì gia ta aj. H prìsjesh kai o
L-pollaplasiasmìc orÐzontai, ìpwc kai sto eujÔ �jroisma, apì tic sqèseic

(aj)j∈J + (bj)j∈J = (aj + bj)j∈J λ(aj)j∈J = (λaj)j∈J .

Parat rhsh: N Gia mia peperasmènh oikogèneia L-modules {Aj, j = 1, 2, ...n},
to eujÔ �jroisma kai to eujÔ ginìmeno tautÐzontai. Sthn perÐptwsh ìmwc tou
�peirou pl jouc twn Aj, to

⊕
j∈J Aj eÐnai upo-module tou

∏
j∈J Aj.

H H �llh diaforopoÐhsh metaxÔ touc ègkeitai sthn kajolik  idiìthta pou
èqei to kajèna. Sthn perÐptwsh tou ginomènou, gia k�je k ∈ J orÐzoume
tic probolèc πk :

∏
j∈J Aj → Ak me th sqèsh πk(aj)j∈J = ak. Autèc eÐnai

module-omomorfismoÐ, sundèontai me to eujÔ ginìmeno kai èqoun m' autì thn
akìloujh kajolik  idiìthta, mèqric enìc monadikoÔ isomorfismoÔ.

1.4.5 Prìtash. An M eÐnai èna L-module kai {φj : M → Aj, j ∈ J}
mÐa oikogèneia L-module omomorfism¸n, tìte up�rqei monadikìc omomorfismìc
φ = {φj} : M → ∏

j∈J Aj, ètsi ¸ste πjφ = φj, gia k�je j ∈ J dhlad  to
kajèna apì ta parak�tw trÐgwna eÐnai antimetajetikì:

Aj

M ∃! φ
//

φj

66mmmmmmmmmmmmmmmm ∏
j∈J Aj

πj

OO

Epiplèon, gia opoiod pote L-module P isqÔei mia tètoia idiìthta, up�rqei
monadikìc isomorfismìc P ∼= ∏

j∈J Aj.

ShmeÐwsh: H akoloujÐa A // iA // A⊕ C
πC // // C eÐnai akrib c kai di-

asp�tai apì ton omomorfismì iC . To akìloujo l mma deÐqnei ìti ìlec oi
diasp¸menec, braqeÐec, akribeÐc akoloujÐec eÐnai aut c thc morf c.

1.4.6 L mma. An o omomorfismìc σ : C → B eÐnai diaspastikìc gia th
braqeÐa, akrib  akoloujÐa A // µ // B

ε // // C , tìte to L-module B eÐnai
isìmorfo me to eujÔ �jroisma A ⊕ C. Mèsw autoÔ tou isomorfismoÔ, o µ
antistoiqeÐ ston iA kai o σ ston iC .
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Apìdeixh: Lìgw thc kajolik c idiìthtac tou eujèwc ajroÐsmatoc, orÐzetai
o monadikìc omomorfismìc ψ tou parak�tw diagr�mmatoc

A

iA $$HHHHHHHHH
µ

++VVVVVVVVVVVVVVVVVVVVVVVVVV

A⊕ C
ψ // B

C

iC
::vvvvvvvvv

σ

33hhhhhhhhhhhhhhhhhhhhhhhhhh

Tìte to akìloujo di�gramma eÐnai antimetajetikì, diìti:

A // iA // A⊕ C
πC // //

ψ

²²

C

A // µ // B
ε // // C

J ap' to pr¸to di�gramma, prokÔptei antimetajetikì to aristerì tetr�gwno,
J en¸ eÐnai kai to dexÐ tetr�gwno, afoÔ gia a ∈ A, c ∈ C, èqoume
εψ(a, c) = ε(µa + σc) = εµa + εσc = 0 + c = c = πC(a, c)
(εµ = 0 kai εσ = 1C). Dhlad  isqÔei εψ = πC .
Apì to l mma, loipìn, (1.2.4) prokÔptei ìti o ψ eÐnai isomorfismìc. ♦

KleÐnontac thn par�grafo, parajètoume dÔo prot�seic pou anafèrontai se
om�dec HomΛ omomorfism¸n eujèwn ajroism�twn   ginomènwn L-modules.

1.4.7 Prìtash. An B eÐnai èna L-module kai {Aj, j ∈ J} mia oikogèneia
L-modules, tìte up�rqei ènac isomorfismìc

η : HomΛ(
⊕

j∈J Aj, B) ∼ //
∏

j∈J HomΛ(Aj, B)

Apìdeixh: An dojeÐ ψ ∈ HomΛ(
⊕

j∈J Aj, B), dhlad  ψ :
⊕

j∈J Aj → B,
orÐzoume η(ψ) = (ψij : Aj → B)j∈J .

Aj

ij
²²

ψij

((⊕
j∈J Aj

ψ
// B

H kajolik  idiìthta tou
⊕

j∈J Aj exasfalÐzei to ìti o η eÐnai 1-1. Anti-
strìfwc, gia k�je oikogèneia L-module omomorfism¸n {ψj : Aj → B, j ∈ J},
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lìgw thc kajolik c idiìthtac tou eujèwc ajroÐsmatoc, up�rqei monadikìc o-
momorfismìc ψ =< ψj >:

⊕
j∈J Aj → B, ¸ste kajèna apì ta parap�nw

trÐgwna na eÐnai antimetajetikì. Autì k�nei ton η epÐ.
Oi probolèc πj :

∏
j∈J HomΛ(Aj, B) → HomΛ(Aj, B) dÐnontai apì th

sqèsh: πjη = HomΛ(ij, B) pou dhl¸netai me to sq ma:

HomΛ(
⊕

j∈J Aj, B)

η

²²

HomΛ(ij ,B)

++VVVVVVVVVVVVVVVVVVV

∏
j∈J HomΛ(Aj, B)

πj

// HomΛ(Aj, B). ♦

.

1.4.8 Prìtash. An A eÐnai èna L-module kai {Bj, j ∈ J} mia oikogèneia
L-modules, tìte up�rqei ènac isomorfismìc

ζ : HomΛ(A,
∏

j∈J Bj)
∼ //

∏
j∈J HomΛ(A,Bj)

Apìdeixh: An dojeÐ φ ∈ HomΛ(A,
∏

j∈J Bj), φ = {φj} : A → ∏
j∈J Bj,

an�loga me thn prohgoÔmenh apìdeixh, orÐzoume ζ(φ) = (πjφ : A → Bj)j∈J ,

Bj

A
φ

//

πjφ
66

∏
j∈J Bj

πj

OO

pou lìgw thc kajolik c idiìthtac tou eujèwc ginomènou, eÐnai 1-1 kai epÐ. Oi
probolèc π′j :

∏
j∈J HomΛ(A,Bj) → HomΛ(A,Bj), s' aut  thn perÐptwsh,

dÐnontai apì th sqèsh: π′jζ = HomΛ(A, πj) pou dhl¸netai me to sq ma:

HomΛ(A,
∏

j∈J Bj)

ζ
²²

HomΛ(A,πj)

++VVVVVVVVVVVVVVVVVVV

∏
j∈J HomΛ(A, Bj)

π′j
// HomΛ(A, Bj). ♦
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1.5 Probolik� kai enriptik� modules

DÔo peript¸seic qr simec gia th sunèqeia, eÐnai autèc tou probolikoÔ kai
tou enriptikoÔ L-module. Me to probolikì sundèetai kai h ènnoia tou eleÔ-
jerou L-module. Anafèroume touc orismoÔc kai tic apaitoÔmenec prot�seic.

1.5.1 Orismìc. 'Ena uposÔnolo S enìc L-module A, lègetai sÔnolo
gennhtìrwn tou A, ìtan ı̇)S 6= ∅, ı̇ı̇)∀a ∈ A eÐnai a =

∑
s∈S λss, λs ∈ Λ me

λs 6= 0 gia peperasmèno pl joc stoiqeÐwn s ∈ S kai ı̇ı̇ı̇) k�je stoiqeÐo aut c
thc morf c, an kei sto A.

An h èkfrash k�je stoiqeÐou tou A di� twn stoiqeÐwn tou S eÐnai monadik ,
tìte to S eÐnai b�sh tou A kai to A onom�zetai eleÔjero (epÐ tou S).

H monadikìthta thc parap�nw graf c k�je stoiqeÐou tou A, isodÔnama,
shmaÐnei ìti to sÔnolo b�shc S eÐnai grammik� anex�rthto, dhlad ∑

s∈S λss = 0 =⇒ λs = 0,∀s ∈ S.

1.5.2 Prìtash. An èna L-module A eÐnai eleÔjero epÐ enìc sunìlou S,
tìte A ∼= ⊕

s∈S Λs, ìpou Λs = Λ, gia k�je s ∈ S. Antistrìfwc, to sÔnolo⊕
s∈S Λs eÐnai eleÔjero epÐ tou uposunìlou tou {1Λs , s ∈ S}.

Autì shmaÐnei ìti h b�sh tou sunìlou
⊕

s∈S Λs apoteleÐtai apì ta stoiqeÐa
tou es, ìpou h s−jèsewc sunist¸sa touc eÐnai to stoiqeÐo 1Λs , en¸ ìlec oi
�llec sunist¸sec touc eÐnai 0.

H epìmenh prìtash deÐqnei th qrhsimìthta tou eleÔjerou L-module sto
q¸ro twn epekt�sewn, pou ja mac apasqol sei sth sunèqeia kai prosdÐdei s'
autì ènan kajolikì qarakthrismì.

1.5.3 Prìtash. An èna L-module P eÐnai eleÔjero epÐ enìc sunìlou S, gia
k�je L-module M kai gia k�je sun�rthsh f apì to S sto sÔnolo gennhtìrwn
tou M , up�rqei monadikìc omomorfismìc φ : P → M , pou epekteÐnei thn f .

Apìdeixh: An f(s) = ms, ìpou s ∈ S kai to ms stoiqeÐo tou sunìlou
gennhtìrwn tou M, tìte jètoume φ(

∑
s∈S λss) =

∑
s∈S λsms. O φ eÐnai,

profan¸c, omomorfismìc pou epekteÐnei thn f se olìklhro to P . ♦

1.5.4 Prìtash. K�je L-module A eÐnai phlÐko enìc eleÔjerou module P .
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Apìdeixh: An S eÐnai to sÔnolo gennhtìrwn tou A, jewroÔme to eleÔjero
L-module P =

⊕
s∈S Λs me Λs = Λ. PaÐrnontac wc f : Λs → S th sun�rthsh

me tÔpo f(1Λs) = s, katal goume sthn epèktas  thc φ : P → A. O omo-
morfismìc φ eÐnai epÐ, afoÔ ∀a ∈ A =⇒ a =

∑
s∈S λss kai φ(

∑
s∈S λs) =∑

s∈S λss = a me
∑

s∈S λs ∈
⊕

s∈S Λs. 'Ara A ∼= ⊕
s∈S Λs/Kerφ. ♦

1.5.5 Prìtash. 'Estw P èna eleÔjero L-module. Se k�je L-module epi-
morfismì ε : B ³ C kai se k�je omomorfismì γ : P → C, up�rqei ènac
omomorfismìc β : P → B, tètoioc ¸ste εβ = γ.

Apìdeixh: 'Estw ìti to P eÐnai eleÔjero epÐ tou uposunìlou tou S.
ε : epÐ =⇒ ∀γ(s) ∈ C, ∃bs ∈ B, s ∈ S, ε(bs) = γ(s), s ∈ S. An jewr soume th
sun�rthsh f : S → B me f(s) = bs, s ∈ S, tìte b�sei thc prìtashc (1.5.3),
o β ja eÐnai h monadik  epèktash thc f , ìpou β : P → B ki ètsi, apì ton
orismì tou β kai apì to ìti eÐnai omomorfismìc, isqÔei εβ = γ. ♦

Aut  h teleutaÐa idiìthta tou eleÔjerou module eÐnai tìso shmantik ,
¸ste na mac odhgeÐ ston akìloujo orismì.

1.5.6 Orismìc. 'Ena L-module P onom�zetai probolikì, an gia k�je
epimorfismì ε : B ³ C kai k�je omomorfismì γ : P → C, up�rqei ènac omo-
morfismìc β : P → B, tètoioc ¸ste εβ = γ. IsodÔnama, gia opoiousd pote
omomorfismoÔc ε, γ me ton ε epÐ, up�rqei o omomorfismìc β, ¸ste to akìloujo
trÐgwno na eÐnai antimetajetikì:

P
β

ww

γ

²²
B ε

// // C

Apì ta parap�nw, prokÔptei ìti:

1.5.7 Pìrisma. K�je eleÔjero module eÐnai probolikì.

Shmei¸noume th shmasÐa twn probolik¸n modules me thn ex c:

Parat rhsh: An A // µ // B
ε // // C eÐnai mia braqeÐa, akrib c akolou-

jÐa kai P èna probolikì L-module, tìte k�je omomorfismìc γ : P → C dÐnei
èna omomorfismì β : P → B, ¸ste εβ = γ, dhlad  o omomorfismìc

ε∗ : HomΛ(P,B) → HomΛ(P, C) eÐnai epÐ ki ètsi katal goume, me th
qr sh tou jewr matoc (1.3.1), sto ìti h epìmenh akoloujÐa eÐnai akrib c:

0 // HomΛ(P,A)
µ∗ // HomΛ(P, B)

ε∗ // HomΛ(P, C) // 0.
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Antistrìfwc, h akrÐbeia thc pio p�nw akoloujÐac twn Hom, gia k�je braqeÐa,
akrib  akoloujÐa A // µ // B

ε // // C, sunep�getai ìti to P eÐnai probolikì
L-module, afoÔ o ε∗ wc epimorfismìc, gia k�je γ ∈ HomΛ(P, C), mac dÐnei
ènan omomorfismì β ∈ HomΛ(P, B) ¸ste ε∗(β) = γ dhlad  εβ = γ. ♦

Parajètoume kai k�poiec basikèc prot�seic gia ta probolik� modules.

1.5.8 Prìtash. To eujÔ �jroisma
⊕

i∈I Pi eÐnai probolikì, an kai mìno an
k�je Pi eÐnai probolikì.

1.5.9 Je¸rhma. Gia èna L-module P , oi akìloujec idiìthtec eÐnai isodÔ-
namec:

1. To P eÐnai probolikì.
2. Gia k�je braqeÐa, akrib  akoloujÐa A // µ // B

ε // // C apì
L-modules, h epagìmenh akoloujÐa eÐnai akrib c:

0 // HomΛ(P,A)
µ∗ // HomΛ(P,B)

ε∗ // HomΛ(P, C) // 0.

3. K�je braqeÐa, akrib c akoloujÐa A // µ // B
ε // // P diasp�tai.

4. An ε : B ³ P eÐnai epÐ, tìte up�rqei ènac omomorfismìc β : P → B,
¸ste εβ = 1P .

5. To P eÐnai eujÔc prosjetèoc se k�je module tou opoÐou eÐnai phlÐko.
6. Up�rqei èna L-module M ¸ste to P ⊕M na eÐnai eleÔjero, me �lla

lìgia, to P eÐnai eujÔc prosjetèoc s' èna eleÔjero module.

Duðk  ènnoia aut c tou probolikoÔ module eÐnai to enriptikì module.
(Praktik�, paÐrnoume duðk  sqèsh, all�zontac th for� twn omomorfism¸n.)

1.5.10 Orismìc. 'Ena L-module I onom�zetai enriptikì, an gia k�je o-
momorfismì α : A → I kai k�je monomorfismì µ : A ½ B, up�rqei ènac
omomorfismìc β : B → I, tètoioc ¸ste βµ = α. IsodÔnama, gia opoiousd -
pote omomorfismoÔc α, µ me ton µ: 1-1, up�rqei o omomorfismìc β, ¸ste to
akìloujo trÐgwno na eÐnai antimetajetikì:

A // µ //

α

²²

B

β
ww

I

Epeid  to duðkì tou eujèwc ajroÐsmatoc, sthn kathgorÐa twn modules, eÐnai
to eujÔ ginìmeno, ekfr�zoume th duðk  thc prìtashc (1.5.8).

1.5.11 Prìtash. To eujÔ ginìmeno apì modules
∏

j∈J Ij eÐnai enriptikì,
an kai mìno an k�je Ij eÐnai enriptikì.

18



B. K A T H G O R I E S - S U N A R T H T E S

1.6 Oi ènnoiec kathgori¸n kai sunartht¸n
'Ustera apì ta prohgoÔmena, s' aut  thn par�grafo eis�goume thn ènnoia

thc kathgorÐac, gia na d¸soume mia genik  perigraf  majhmatik¸n susth-
m�twn diafìrwn antikeimènwn, ìpwc p.q. om�dwn, daktulÐwn, modules, klp.,
all� kai apeikonÐsewn metaxÔ aut¸n twn antikeimènwn, jètontac mia kat�llhlh
majhmatik  gl¸ssa kai genik  orologÐa gia ìla aut� ta sust mata.

1.6.1 Orismìc. Mia kathgorÐa C sunÐstatai apì ta ex c dedomèna:

I ı̇) mia sullog  antikeimènwn A,B,C, ... ∈ Ob(C)
I ı̇ı̇) gia k�je dÔo antikeÐmena A,B ∈ Ob(C), èna sÔnolo C(A,B) twn

morfism¸n apì to A sto B kai
I ı̇ı̇ı̇) gia k�je trÐa antikeÐmena A,B,C ∈ Ob(C), èna kanìna sÔnjeshc,

dhlad  mia apeikìnish

C(A,B)× C(B,C) → C(A,C)

pou ikanopoieÐ ta axi¸mata:

• A1. Ta sÔnola C(A1, B1) kai C(A2, B2) den èqoun kanèna koinì stoiqeÐo,
ektìc e�n A1 = A2 kai B1 = B2.

• A2. Gia k�je A ∈ Ob(C), up�rqei ènac morfismìc 1A ∈ C(A,A), o
1A : A → A, pou dra wc aristerì kai dexÐ tautotikì stoiqeÐo sta sÔnola
C(A,B) kai C(C, A), dhlad  gia k�je f : A → B kai g : C → A, ìpou
B, C ∈ Ob(C), eÐnai

f1A = f, 1Ag = g

• A3. H sÔnjesh morfism¸n akoloujeÐ ton prosetairistikì kanìna, dhlad 
an dojoÔn oi morfismoÐ f : A → B, g : B → C kai h : C → D, tìte isqÔei

h(gf) = (hg)f,

gia k�je A,B,C,D ∈ Ob(C).

ShmeÐwsh: JewroÔme to morfismì f : A → B wc mÐa {genikeumènh perÐptwsh
sun�rthshc} apì to A sto B. To sÔnolo C(A,B)×C(B, C) apoteleÐtai apì
zeÔgh (f, g), me f : A → B, g : B → C kai gr�foume th sÔnjesh twn
morfism¸n f, g wc g ◦ f ,   apl� gf , ìpou (gf)(a) = g(f(a)), a ∈ A.
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ParadeÐgmata kathgori¸n :

¨ (a) H kathgorÐa S twn sunìlwn kai sunart sewn.

¨ (b) H kathgorÐa G twn om�dwn kai omomorfism¸n metaxÔ touc.

¨ (g) H kathgorÐa Ab twn abelian¸n om�dwn kai omomorfism¸n metaxÔ
touc.

¨ (d) H kathgorÐa R twn daktulÐwn kai omomorfism¸n daktulÐwn.

¨ (e) Oi kathgorÐec Ml
Λ kai Mr

Λ twn arister¸n kai dexi¸n, antÐstoiqa,
L-modules kai L-module omomorfism¸n, ìpou Λ ∈ Ob(R).

¨ (st) H kathgorÐa BF twn dianusmatik¸n q¸rwn epÐ tou s¸matoc F

kai twn grammik¸n metasqhmatism¸n metaxÔ touc.

Sta paradeÐgmata (b), (g), (e) kai (st), se kajemi� ap' autèc tic kathgorÐec,
up�rqei èna antikeÐmeno 0 ∈ Ob(C) (mhdenikì antikeÐmeno), me thn idiìthta gia
k�je X ∈ Ob(C), ta sÔnola C(X, 0) kai C(0, X) kai ta dÔo, n' apartÐzontai
akrib¸c apì èna stoiqeÐo. 'Etsi, p.q. stic kathgorÐec G kai Ab mhdenikì
antikeÐmeno mporeÐ na jewrhjeÐ to {0}, dhlad  h om�da pou èqei èna mìno
stoiqeÐo. An mia kathgorÐa perièqei dÔo mhdenik� antikeÐmena, tìte aut� eÐnai
isìmorfa kai isqÔei ìti gia k�je X, Y ∈ Ob(C), to sÔnolo C(X, Y ) perièqei
èna xeqwristì morfismì

X → 0 → Y

ton mhdenikì morfismì, pou ja shmei¸netai 0XY . Gia k�je f : A → X,
g : Y → B, sthn kathgorÐa C, eÐnai

0XY f = 0AY , g0XY = 0XB.

An mia kathgorÐa C perièqei mhdenik� antikeÐmena, onom�zetai kathgorÐa me
mhdenik� antikeÐmena.

Pèra ìmwc apì th {diasÔndesh}, mèsw twn morfism¸n, twn diaforetik¸n
antikeimènwn miac kathgorÐac, mporoÔme sth gl¸ssa twn kathgori¸n, mèsw
twn sunartht¸n, na {sundèoume} diaforetikèc kathgorÐec, metaferìmenoi apì
mÐa kathgorÐa se �llh.
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1.6.2 Orismìc. An dojoÔn, loipìn, dÔo kathgorÐec C kai D, onom�zoume
sunartht  F : C → D ton kanìna, o opoÐoc antistoiqÐzei k�je X ∈ Ob(C),
se èna antikeÐmeno FX ∈ Ob(D) kai akìma k�je morfismì f ∈ C(Y, Z) s' èna
morfismì Ff ∈ D(FY, FZ), pou ikanopoieÐ tic sqèseic:

F (fg) = (Ff)(Fg), F (1A) = 1FA

ìpou A,X, Y, Z ∈ Ob(C), g ∈ C(X,Y ), f ∈ C(Y, Z) kai sqhmatik�:

X
fg

!!CC
CC

CC
CC

g

²²
Y

f
// Z

Ã
F

Ã

FX
F (fg)

##HH
HH

HH
HH

H

Fg

²²
FY

Ff
// FZ

A

1A

²²
A

Ã
F

Ã

FA

1FA

²²
FA

ParathroÔme ìti ènac sunartht c metafèrei diaspastikoÔc se diaspastikoÔc
morfismoÔc kai isomorfismoÔc se isomorfismoÔc afoÔ, an g : A → B, f :
B → A, f ◦ g = 1A =⇒ F (f) ◦ F (g) = F (f ◦ g) = F (1A) = 1FA.

¨ 'Ena par�deigma sunartht  mporoÔme na d¸soume, an sto sÔnolo
HomΛ(A,B) = Ml

Λ(A,B) krat soume stajerì to sÔnolo A kai metab�l-
loume to B, orÐzontac to sunartht  Ml

Λ(A,−) : Ml
Λ → Ab me tÔpo

Ml
Λ(A,−)(B) = Ml

Λ(A,B).

An�loga me to par�deigma tou sunartht  Ml
Λ(A,−), pou d¸same, an jel -

soume na kataskeu�soume ton F = Ml
Λ(−, B) : Ml

Λ → Ab, parathroÔme ìti
gia f : B → A, eÐnai Ff : FA → FB, dhlad  {antistrèfontai ta bèlh} twn
sunart sewn. DhmiourgeÐtai, ètsi, h an�gkh na epekteÐnoume touc orismoÔc
kai se epÐpedo kathgori¸n kai se sunarthtèc.

An dojeÐ, loipìn, mÐa kathgorÐa C, mporoÔme na sqhmatÐsoume mia nèa
kathgorÐa, thn Cop, h opoÐa èqei ta Ðdia antikeÐmena me th C, all� isqÔei

Cop(X, Y ) = C(Y, X).

Oi dÔo kathgorÐec C kai Cop èqoun, profan¸c, touc Ðdiouc tautotikoÔc morfis-
moÔc kai akìmh, an mia ap' autèc èqei mhdenik� stoiqeÐa, tìte ta Ðdia akrib¸c
èqei kai h �llh. Akìma isqÔei:

(Cop)op = C.
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1.6.3 Orismìc. AntalloÐwtoc sunartht c apì mia kathgorÐa C proc
mia kathgorÐa D, eÐnai ènac sunartht c apì thn Cop proc thn D. An dhlad 
F : C → D ènac antalloÐwtoc sunartht c, autìc antistoiqÐzei to sÔnolo
C(X, Y ) sto D(FY, FX) kai gia th sÔnjesh sunart sewn isqÔei
F (fg) = (Fg)(Ff). 'Enac aplìc sunartht c, sun jwc, anafèretai wc sunal-
loÐwtoc sunartht c.

¨ O Ml
Λ(−, B) : Ml

Λ → Ab kaj¸c kai o Mr
Λ(−, B) : Mr

Λ → Ab eÐnai dÔo
paradeÐgmata antalloÐwtwn sunartht¸n.

H kataskeu  thc kathgorÐac Cop mac dÐnei th dunatìthta na parousi�zoume
th duðkìthta metaxÔ dÔo ennoi¸n, p.q. ìpwc ed¸, metaxÔ sunalloÐwtou kai
antalloÐwtou sunartht .

Genik�, oi duðkèc ènnoiec stic kathgorÐec apant¸ntai suqn� kai h allh-
lex�rths  touc bohj� sthn katanìhsh kai sthn apìdeixh antÐstoiqwn pro-
t�sewn pou tic aforoÔn. Wc qarakthristik� paradeÐgmata duðk¸n, anafèr-
oume touc orismoÔc tou epimorfismoÔ kai monomorfismoÔ, kaj¸c kai autoÔc
tou pur na kai sun-pur na enìc morfismoÔ.

1.6.4 Orismìc. Se mia kathgorÐa C :
I ènac morfismìc ε : B → C eÐnai epimorfismìc, an kai mìno an gia
opoiousd pote dÔo morfismoÔc αi : C → M , i = 1, 2, ìpou B, C, M ∈ Ob(C),
isqÔei: α1ε = α2ε =⇒ α1 = α2.
I ènac morfismìc µ : A → B eÐnai monomorfismìc, an kai mìno an gia
opoiousd pote morfismoÔc αi : M → A, i = 1, 2, ìpou A,B,M ∈ Ob(C),
isqÔei: µα1 = µα2 =⇒ α1 = α2.

1.6.5 Prìtash. • O ε : B → C eÐnai module-epimorfismìc, an kai mìno an
eÐnai ènac epÐ module-omomorfismìc.
• O µ : A → B eÐnai module-monomorfismìc, an kai mìno an eÐnai ènac 1-1
module-omomorfismìc.

ShmeÐwsh: 'Enac morfismìc φ eÐnai monomorfismìc sthn kathgorÐa C, an
kai mìno an o φ eÐnai epimorfismìc sthn Cop.

Genik�, an èqoume dÔo duðkèc ènnoiec tic β kai βop, tìte gia k�je kathgorÐa
C isqÔei (o sumbolismìc β(C) dhl¸nei thn tuqaÐa ènnoia β, pou apant�tai sthn
kathgorÐa C):

βop(C) = β(Cop).
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1.6.6 Orismìc. 'Estw ènac morfismìc φ : A → B, se mia kathgorÐa C me
mhdenikoÔc morfismoÔc. OrÐzoume wc:
I pur na tou morfismoÔ φ, to morfismì µ : K → A, K ∈ Ob(C), pou
eÐnai tètoioc ¸ste (ı̇) φµ = 0 kai (ı̇ı̇) an φψ = 0, tìte ψ = µψ′, me ton ψ′

monadikì.
I sunpur na tou morfismoÔ φ, to morfismì ε : B → Λ, Λ ∈ Ob(C),
pou eÐnai tètoioc ¸ste (ı̇) εφ = 0 kai (ı̇ı̇) an θφ = 0, tìte θ = θ′ε, me ton θ′

monadikì.

ShmeÐwsh: N O pur nac morfismoÔ, an up�rqei, eÐnai p�nta monomorfismìc
kai o sun-pur nac tou, an up�rqei, p�nta epimorfismìc.
H O sun-pur nac tou morfismoÔ φ, sthn kathgorÐa C, eÐnai o morfismìc pou
eÐnai pur nac tou φop = φ−1, sthn Cop.

Tèloc, kleÐnoume thn par�grafo me th susqètish metaxÔ sunartht¸n, pou
epitugq�netai mèsw fusik¸n metasqhmatism¸n.

1.6.7 Orismìc. I An F,G : C → D dÔo sunarthtèc apì thn kathgorÐa
C sthn D kathgorÐa, fusikìc metasqhmatismìc t : F → G apì ton
F ston G, onom�zetai ènac kanìnac, pou antistoiqÐzei se k�je antikeÐmeno
X ∈ Ob(C) èna morfismì tX ∈ D(FX,GX), tètoion ¸ste, gia k�je morfismì
f ∈ C(X, Y ), Y ∈ Ob(C), to akìloujo di�gramma n' antimetatÐjetai:

FX
tX //

Ff
²²

GX

Ff
²²

FY
tY // GY

I An tX : isomorfismìc, ∀X ∈ Ob(C), tìte o t onom�zetai fusik  iso-
dunamÐa metaxÔ twn F kai G kai gr�foume t : F ' G. S' aut  thn
perÐptwsh isqÔei kai t−1 : G ' F , ìpou o fusikìc metasqhmatismìc t−1 dÐnetai
apì ton tÔpo: (t−1)X = (tX)−1. Akìma gia dÔo fusikoÔc metasqhmatismoÔc
t : F → G kai u : G → H, orÐzetai h sÔnjesh ut : F → H apì th sqèsh:
(ut)X = (uX)(tX), pou akoloujeÐ ton prosetairistikì kanìna.
I Tèloc, an up�rqoun dÔo sunarthtèc F : C → D, G : D → C, ¸ste
GF ' I : C → C kai FG ' I : D → D (ìpou I : o tautotikìc sunartht c gia
k�je kathgorÐa), tìte lème ìti oi C kai D eÐnai isodÔnamec kathgorÐec.

¨ Par�deigma fusikoÔ metasqhmatismoÔ:

An V eÐnai dianusmatikìc q¸roc epÐ enìc s¸matoc F ,
V ∗ = Hom(V, F ) o duðkìc dianusmatikìc q¸roc tou V kai
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V ∗∗ = Hom(V ∗, F ) = Hom(Hom(V, F ), F ) o duðkìc tou duðkoÔ tou V ,
up�rqei mia grammik  apeikìnish iV : V → V ∗∗, pou dÐnetai ap' th sqèsh
υ 7→ υ̃, ìpou υ̃(φ) = φ(υ), υ ∈ V, φ ∈ V ∗, υ̃ ∈ V ∗∗. Tìte o i eÐnai ènac fusikìc
metasqhmatismìc apì ton tautotikì sunartht  I : BF → BF sto dipl� duðkì
sunartht  ∗∗ : BF → BF . An t¸ra, sumbolÐsoume Bf

F thn upo-kathgorÐa thc
BF , pou apoteleÐtai ap' touc dianusmatikoÔc q¸rouc peperasmènhc di�stashc,
tìte o periorismìc tou fusikoÔ metasqhmatismoÔ i sthn Bf

F eÐnai, sÔmfwna me
basikì je¸rhma thc grammik c �lgebrac, mia fusik  isodunamÐa, dhlad  kat�
to je¸rhma: ∀V ∈ Ob(Bf

F ), o iV eÐnai isomorfismìc.

ShmeÐwsh: DÔo isìmorfec kathgorÐec eÐnai kai isodÔnamec, all� oi isodÔ-
namec den eÐnai p�nta isìmorfec.

1.7 Kajolikèc kataskeuèc se kathgorÐec

¥ ı̇) GINOMENA KAI SUN-GINOMENA

H kajolik  idiìthta tou eujèwc ginomènou twn L-modules eÐnai to shmeÐo
sto opoÐo sthrizìmaste gia na eis�goume thn ènnoia tou ginomènou, se mia
kathgorÐa, genik�.

1.7.1 Orismìc. An {Xi}, i ∈ I, eÐnai mia oikogèneia antikeimènwn miac kath-
gorÐac C, me deÐktec apì to sÔnolo I, tìte to ginìmeno (X; pi) twn an-
tikeimènwn Xi eÐnai èna antikeÐmeno X =

∏
i Xi, mazÐ me touc morfismoÔc

pi : X → Xi, pou onom�zontai probolèc, me thn ex c kajolik  idiìthta: an
dojeÐ opoiod pote antikeÐmeno Y kai morfismoÐ fi : Y → Xi, up�rqei ènac
monadikìc morfismìc f = {fi} : Y → X, ¸ste pif = fi. Dhlad  ta parak�tw
trÐgwna eÐnai antimetajetik�, gia k�je i ∈ I:

Xi

Y ∃! f
//

fi

55llllllllllllllllll
X =

∏
i∈I Xi

pi

OO
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Se mia kathgorÐa C to ginìmeno miac oikogèneiac antikeimènwn den up�rqei
p�ntote ìmwc, sÔmfwna me to parak�tw je¸rhma, an up�rqei, eÐnai monadikì
mèqric isomorfismoÔ.

1.7.2 Je¸rhma. An (X; pi) kai (X ′; p′i) eÐnai kai ta dÔo ginìmena thc oikogèneiac
Xi, i ∈ I, antikeimènwn miac kathgorÐac C, tìte up�rqei ènac monadikìc iso-
morfismìc ξ : X → X ′, ¸ste p′iξ = pi, i ∈ I.

Apìdeixh: Lìgw thc kajolik c idiìthtac tou X, up�rqei ènac monadikìc
morfismìc η : X → X ′, ¸ste piη = p′i. Parìmoia, apì thn kajolikìthta
tou X ′, prokÔptei o monadikìc morfismìc ξ : X → X ′, ¸ste p′iξ = pi. 'Ara
piηξ = p′iξ = pi = pi1, gia k�je i ∈ I. 'Omwc, apì th monadikìthta tou
morfismoÔ, pou anafèrei h kajolik  idiìthta tou ginomènou, èpetai ìti ηξ = 1.
Parìmoia paÐrnoume kai ξη = 1. ♦

1.7.3 Prìtash. An dojoÔn dÔo oikogèneiec {Xi},{Yi} antikeimènwn thc
kathgorÐac C, me deÐktec apì to Ðdio sÔnolo I, tìte, an up�rqoun ta ginìmena∏

i Xi kai
∏

i Yi kai oi morfismoÐ fi : Xi → Yi, i ∈ I, up�rqei ènac monadik�
orismènoc morfismìc

∏
i fi :

∏
i Xi →

∏
i Yi, ¸ste pi(

∏
i fi) = fipi.

Epiplèon, an h kathgorÐa C dèqetai ginìmena gia ìlec tic oikogèneiec me deÐktec
apì to I, tìte o

∏
i eÐnai ènac sunartht c

∏
i : CI → C.

1.7.4 Prìtash. An se mia kathgorÐa C opoiad pote dÔo antikeÐmena dèqon-
tai èna ginìmeno, tìte kai gia ta tuqaÐa trÐa antikeÐmena X, Y, Z ∈ Ob(C), to
((X × Y )× Z; p1q1, p2q1, q2) eÐnai to ginìmeno twn X, Y, Z, ìpou

p1 : X × Y → X, q1 : (X × Y )× Z → X × Y
p2 : X × Y → Y , q2 : (X × Y )× Z → Z.

Epagwgik�, odhgoÔmaste sthn epìmenh prìtash:

1.7.5 Prìtash. An dÔo tuqaÐa antikeÐmena se mia kathgorÐa C dèqontai
èna ginìmeno, tìte to Ðdio isqÔei gia opoiad pote peperasmènh oikogèneia an-
tikeimènwn thc C.
H prìtash (1.7.4) mac exasfalÐzei, epÐshc, thn prosetairistikìthta tou gi-
nomènou. Dhlad  isqÔoun oi kanonikèc isodunamÐec:

(X × Y )× Z ∼= X × Y × Z ∼= X × (Y × Z).

To ìti to ginìmeno eÐnai antimetajetikì, exasfalÐzetai apì th summetrikìthta
tou orismoÔ tou X × Y wc proc ta X kai Y .
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ParadeÐgmata:

¨ (α) Sthn kathgorÐa Ml
Λ twn (arister¸n) L-modules, par�deigma gi-

nomènou twn Xi eÐnai, ìpwc  dh anafèrjhke, to eujÔ touc ginìmeno, en¸
¨ (β) sthn kathgorÐa twn sunìlwn kai sunart sewn S èqoume to karte-

sianì ginìmeno twn Xi.
¨ (γ) Sthn kathgorÐa S(2) twn sunìlwn me dÔo stoiqeÐa, opoiad pote

dÔo antikeÐmena den èqoun ginìmeno. Diìti, an B = {b1, b2}, C = {c1, c2} dÔo
antikeÐmena thc S(2) kai èstw (D; p1, p2),D = {d1, d2} to ginìmeno twn B kai
C, tìte gia tuqaÐo A = {a1, a2} kai f : A → B, g : A → C, up�rqei monadikìc
h : A → D me p1h = f, p2h = g. Epeid  o f mporeÐ na eÐnai epÐ, prèpei kai o p1

na eÐnai epÐ, ìpwc kai o p2. QwrÐc bl�bh thc genikìthtac, èstw p1(di) = bi kai
p2(di) = ci, i = 1, 2. An F (A) = {b1}, g(A) = {c2}, katal goume se �topo,
afoÔ o h ja èprepe na mhn èqei sthn eikìna tou imh oÔte to d1, oÔte to d2.

H duðk  ènnoia tou ginomènou se mia kathgorÐa eÐnai to sun-ginìmeno:

1.7.6 Orismìc. An {Xi}, i ∈ I, eÐnai mia oikogèneia antikeimènwn miac kath-
gorÐac C, me deÐktec apì to sÔnolo I, tìte to sun-ginìmeno (X; qi) twn
antikeimènwn Xi sthn C eÐnai èna antikeÐmeno X =

∐
i Xi, me touc morfismoÔc

qi : Xi → X, pou onom�zontai enrÐyeic, an kai mìno an autì eÐnai ginìmeno
twn Xi sthn kathgorÐa Cop. Autì shmaÐnei ìti sthn C isqÔei h ex c kajolik 
idiìthta: an dojeÐ opoiod pote antikeÐmeno Y kai morfismoÐ fi : Xi → Y , up-
�rqei ènac monadikìc morfismìc f =< fi >: X → Y , ¸ste fqi = fi. Dhlad 
ta parak�tw trÐgwna eÐnai antimetajetik�, gia k�je i ∈ I:

Xi

qi

uukkkkkkkkkkkkkkkk

fi

²²
X =

∐
i∈I Xi ∃!f

// Y

ParadeÐgmata:

¨ (α) Sthn kathgorÐa Ml
Λ twn (arister¸n) L-modules, sun-ginìmeno

twn Xi eÐnai to eujÔ touc �jroisma
⊕

i Xi, en¸
¨ (β) sthn kathgorÐa twn sunìlwn kai sunart sewn S to sun-ginìmeno

twn Xi eÐnai h diazeugmènh ènwsh
⊔

i Xi twn Xi me tic profaneÐc enrÐyeic qi.
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¥ ı̇ı̇) EFELKUSEIS KAI EXWJHSEIS

1.7.7 Orismìc. An se mia kathgorÐa C dojoÔn dÔo morfismoÐ φ : A → X,
ψ : B → X, dhlad :

A

φ
²²

B
ψ // X

efèlkush (pull-back) tou zeÔgouc (φ, ψ) eÐnai èna zeÔgoc morfism¸n
(α, β), me α : Y → A kai β : Y → B, ¸ste φα = ψβ, dhlad  to akìloujo
tetr�gwno eÐnai antimetajetikì:

Y
α //

β
²²

A

φ
²²

B
ψ // X

kai èqei thn ex c kajolik  idiìthta: An dojoÔn dÔo morfismoÐ γ : Z → A,
δ : Z → B, me φγ = ψδ, up�rqei ènac monadikìc morfismìc ζ : Z → Y ,
¸ste γ = αζ kai δ = βζ. Dhlad  ta trÐgwna tou parak�tw sq matoc eÐnai
antimetajetik�:

Z

ζ!
''

γ

**UUUUUUUUUUUUUUUUUUUUUU

δ

ÂÂ?
??

??
??

??
??

??
??

??
?

Y α
//

β
²²

A

φ
²²

B
ψ // X

'Opwc kai to ginìmeno, ètsi kai h efèlkush, an up�rqei, tìte eÐnai stoiqei-
wd¸c monadik . Dhlad  an to zeÔgoc (α′, β′) eÐnai, epÐshc, mia efèlkush tou
(φ, ψ), α′ : Y ′ → A, β′ : Y ′ → B, tìte up�rqei mia monadik  isodunamÐa
ω : Y → Y ′, tètoia ¸ste α′ω = α kai β′ω = β. 'Etsi, gr�foume (Y ; α, β) gia
na dhl¸soume thn efèlkush twn φ kai ψ. Lème epÐshc, ìti to tetr�gwno tou
parap�nw sq matoc eÐnai èna tetr�gwno efèlkushc.

ProqwroÔme sth duðk  thc ènnoiac thc efèlkushc, pou onom�zetai ex¸jhsh.
'Etsi, sto pio p�nw tetr�gwno, to zeÔgoc (φ, ψ) eÐnai h ex¸jhsh tou (α, β)
sthn kathgorÐa C, an kai mìno an autì to Ðdio zeÔgoc (φ, ψ) eÐnai h efèlkush
tou (α, β) sthn Cop. Dhlad  èqoume ton akìloujo orismì:
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1.7.8 Orismìc. An se mia kathgorÐa C dojoÔn dÔo morfismoÐ α : Y → A,
β : Y → B:

Y
α //

β
²²

A

B

ex¸jhsh (push-out) tou zeÔgouc (α, β) eÐnai èna zeÔgoc morfism¸n
(φ, ψ), me φ : A → X kai ψ : B → X, ¸ste φα = ψβ, dhlad  to akìloujo
tetr�gwno eÐnai antimetajetikì:

Y
α //

β
²²

A

φ
²²

B
ψ // X

kai èqei thn ex c kajolik  idiìthta: An dojoÔn dÔo morfismoÐ κ : A → H,
λ : B → H, me κα = λβ, up�rqei ènac monadikìc morfismìc η : X → H,
¸ste κ = ηφ kai λ = ηψ. Dhlad  ta trÐgwna tou parak�tw sq matoc eÐnai
antimetajetik�:

Y
α //

β
²²

A

φ
²²

κ

ÂÂ?
??

??
??

??
??

??
??

??
?

B
ψ //

λ
**UUUUUUUUUUUUUUUUUUUUUU X

η!

''
H

Ergazìmenoi sthn kathgorÐa Cop, mporoÔme p�li na deÐxoume ìti kai h ex¸jhsh,
an up�rqei, eÐnai stoiqeiwd¸c monadik . Dhlad  an to zeÔgoc (φ′, ψ′) eÐnai,
epÐshc, mia ex¸jhsh tou (α, β), φ′ : A → X ′, ψ′ : B → X ′, tìte up�rqei mia
monadik  isodunamÐa θ : X → X ′, tètoia ¸ste θφ = φ′ kai θψ = ψ′. 'Etsi,
gr�foume (X; φ, ψ) gia na dhl¸soume thn ex¸jhsh twn α kai β. Lème, epÐshc,
ìti to tetr�gwno tou parap�nw sq matoc eÐnai èna tetr�gwno ex¸jhshc.
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1.8 Abelianèc kathgorÐec

1.8.1 Orismìc. Prosjetik  kathgorÐa eÐnai mia kathgorÐa A me mh-
denikì antikeÐmeno, sthn opoÐa

I (ı̇) k�je zeÔgoc antikeimènwn èqei ginìmeno kai
I (ı̇ı̇) ta sÔnola twn morfism¸n A(A,B) eÐnai abelianèc om�dec, ¸ste h

sÔnjesh A(A,B)× A(B, C) → A(A,C) na eÐnai digrammik .

ShmeÐwsh: 'Estw mia sun�rthsh f : A × B → G, A: dexÐ L-module, B:
aristerì L-module kai G: abelian  om�da. H f kaleÐtai digrammik , an:

1¦ f(a1 + a2, b) = f(a1, b) + f(a2, b), a1, a2 ∈ A, b ∈ B
2¦ f(a, b1 + b2) = f(a, b1) + f(a, b2), a ∈ A, b1, b2 ∈ B
3¦ f(aλ, b) = f(a, λb), a ∈ A, b ∈ B, λ ∈ Λ.

ParadeÐgmata prosjetik¸n kathgori¸n:

¨ (a) I 'Ena bajmwtì L-module A (bajmwtì apì akeraÐouc), eÐnai
mia oikogèneia apì L-modules A = {An}, n ∈ Z.
I An A,B eÐnai dÔo bajmwt� L-modules, ènac morfismìc bajmwt¸n
modules φ : A → B, bajmoÔ k, eÐnai mÐa oikogèneia L-module omomorfis-
m¸n: {φn : An → Bn+k}, n ∈ Z.
H kathgorÐa twn bajmwt¸n L-modules pou orÐzetai ètsi, sumbolÐzetai MZ

Λ.
An perioristoÔme se morfismoÔc bajmwt¸n modules bajmoÔ 0, èqoume mia
prosjetik  kathgorÐa. Diìti:

J (ı̇) ∀A,B ∈ Ob(MZ
Λ), ∃A×B = {An ×Bn} ∈ Ob(MZ

Λ), n ∈ Z.

J (ı̇ı̇) • To sÔnolo MZ
Λ(A,B) eÐnai abelian  om�da, ∀A,B ∈ Ob(MZ

Λ)
(afoÔ ∀n ∈ Z, ta HomΛ(An, Bn) eÐnai abelianèc om�dec) kai

• h sÔnjesh f : MZ
Λ(A,B)×MZ

Λ(B,C) → MZ
Λ(A,C) eÐnai digrammik :

φ′, φ ∈ MZ
Λ(A,B), ψ′, ψ ∈ MZ

Λ(B,C) =⇒ ψ◦φ, ψ′◦φ, ψ◦φ′ ∈ MZ
Λ(A,C)

(∀n ∈ Z, φ′n, φn: An → Bn, ψ′n, ψn: Bn → Cn ⇒ ψnφn, ψ
′
nφn, ψnφ′n: An →

Cn)

kai isqÔoun oi isìthtec:
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1¦ ψn ◦ (φn + φ′n) = ψn ◦ φn + ψn ◦ φ′n ⇒ f(φ + φ′, ψ) = f(φ, ψ) + f(φ′, ψ)

2¦ (ψn + ψ′n) ◦ φn = ψn ◦ φn + ψ′n ◦ φn ⇒ f(φ, ψ + ψ′) = f(φ, ψ) + f(φ, ψ′)

3¦ f(φλ, ψ) = ψ ◦ (φλ) = (λψ) ◦ φ = f(φ, λψ) (epeid  ∀(λ, a) ∈ Λ× A,
[ψ ◦ (φλ)](a) = ψ[(φλ)a] = ψ[φ(aλ)] = ψ[λφ(a)] = λψ[φ(a)] = [(λψ)φ](a),
afoÔ oi φ kai ψ eÐnai oikogèneiec omomorfism¸n kai autèc oi sqèseic
isqÔoun ∀(φn, ψn), n ∈ Z). ♦

¨ (b) MporoÔme n' antikatast soume to bajmosÔnolo Z, tou prohgoÔ-
menou paradeÐgmatoc, me k�poio �llo sÔnolo, p.q. me to Z× Z. Ta modules
pou prokÔptoun, onom�zontai di-bajmwt�. An, loipìn, A,B ∈ Ob(MZ×Z

Λ ),
eÐnai di-bajmwt� modules, ènac morfismìc φ : A → B di-bajmoÔ (k, l), eÐnai
mia oikogèneia module - omomorfism¸n {φn,m : An,m → Bn+k,m+l. H kath-
gorÐa MZ×Z

Λ twn di-bajmwt¸n L-modules, an perioristoÔme se morfismoÔc
di-bajmoÔ (0, 0) eÐnai prosjetik .

1.8.2 Prìtash. An A1, A2 ∈ Ob(A) antikeÐmena thc prosjetik c kath-
gorÐac A kai i1 = {1, 0} : A1 → A1

⊕
A2, i2 = {0, 1} : A2 → A1

⊕
A2

morfismoÐ sthn A, tìte to (A1

⊕
A2; i1, i2) eÐnai èna sun-ginìmeno twn A1, A2

sthn A.

1.8.3 L mma. i1p1 + i2p2 = 1 : A1

⊕
A2 → A1

⊕
A2

1.8.4 Prìtash. An dojeÐ A
{φ,ψ} // B

⊕
C

<γ,δ> // D , èqoume
< γ, δ > {φ, ψ} = γφ + δψ.

1.8.5 Pìrisma. H prìsjesh sto sÔnolo A(A,B) kajorÐzetai apì thn kath-
gorÐa A.

(Diìti an φ1, φ2 : A → B, tìte φ1 + φ2 =< φ1, φ2 > {1, 1}).

ShmeÐwsh: Se mia prosjetik  kathgorÐa, ènac monomorfismìc qarakthrÐze-
tai apì to ìti èqei pur na 0 kai o epimorfismìc, apì to ìti èqei sun-pur na
0.

1.8.6 Prìtash. 'Estw F : A → B eÐnai ènac sunartht c metaxÔ twn
prosjetik¸n kathgori¸n A kai B. Oi akìloujec sunj kec eÐnai isodÔnamec:

ı̇) O F diathreÐ ta ajroÐsmata (dÔo antikeimènwn)
ı̇ı̇) O F diathreÐ ta ginìmena (dÔo antikeimènwn)
ı̇ı̇ı̇) ∀A,A′ ∈ Ob(A), o F : A(A,A′) → B(FA, FA′) eÐnai omomorfismìc.
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Apìdeixh: J ı̇) ⇒ ı̇ı̇). ArkeÐ na deÐxoume ìti F (< 1, 0 >) =< 1, 0 > kai
F (< 0, 1 >) =< 0, 1 >, dhlad  ìti F (0) = 0. 'Estw, loipìn, èna mhdenikì
antikeÐmeno 0 ∈ Ob(A). ∀A ∈ Ob(A) eÐnai A ∼= A

⊕
0 jewr¸ntac touc 1A

kai 0 wc tic kanonikèc enrÐyeic, dhlad  A // 1A // A
⊕

0 0oo0oo . An, t¸ra,
B = F (0), tìte FA ∼= FA

⊕
B jewr¸ntac touc 1FA kai β = F (0) wc tic

kanonikèc enrÐyeic, dhlad  FA // 1FA // FA
⊕

B B = F (0)ooβoo . JewroÔme
touc morfismoÔc 0 : FA → B kai 1 : B → B. Tìte, b�sei thc kajolikìthtac
tou FA

⊕
B, up�rqei monadikìc morfismìc θ : FA → B, ¸ste θ1 = 0, θβ = 1.

Sqhmatik�:
FA

1FA ''PPPPPPPPPPPP
0

,,YYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYY

FA ∼= FA⊕B
∃!θ // B

B

β
77nnnnnnnnnnnnn

1

22eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Katal goume ètsi, sto ìti 1 = θβ = (θ1)β = 0β = 0 : B → B �ra B = 0.

J ı̇ı̇) ⇒ ı̇). ProkÔptei apì efarmog  thc duðkìthtac sthn prohgoÔmenh
apìdeixh.

J ı̇) ⇒ ı̇ı̇ı̇). An φ1, φ2 ∈ A(A,A′), dhlad  φ1, φ2 : A → A′, tìte

φ1 + φ2 =< φ1, φ2 > {1, 1}

ki ètsi, afoÔ o F diathreÐ ta ajroÐsmata kai ta ginìmena, eÐnai:

F (φ1 + φ2) =< Fφ1, Fφ2 > {1, 1} ⇒ F (φ1 + φ2) = Fφ1 + Fφ2.

J ı̇ı̇ı̇) ⇒ ı̇ı̇). Gia na deÐxoume ìti o F diathreÐ ta ginìmena, ja prèpei na
deÐxoume ìti o

{Fp1, Fp2} : F (A1

⊕
A2) → FA1

⊕
FA2

eÐnai isomorfismìc. Ekfr�zoume, loipìn, ton antÐstrofì tou wc ton

F (i1)p1 + F (i2)p2 : FA1

⊕
FA2 → F (A1

⊕
A2)

kai apodeiknÔoume ìti eÐnai antÐstrofoi:
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{Fp1, Fp2}(F (i1)p1 + F (i2)p2) = {Fp1, Fp2}F (i1)p1 + {Fp1, Fp2}F (i2)p2

= {F (p1i1), F (p2i1)}p1+{F (p1i2), F (p2i2)}p2

= {1, 0}p1 + {0, 1}p2

= i1p1 + i2p2

= 1, afoÔ F (0) = 0
kai akìma

(F (i1)p1 + F (i2)p2){Fp1, Fp2} = F (i1)p1{Fp1, Fp2}+ F (i2)p2{Fp1, Fp2}
= Fi1Fp1 + Fi2Fp2

= F (i1p1 + i2p2)
= F (1)
= 1,

afoÔ o F ikanopoieÐ thn ı̇ı̇ı̇). ♦

1.8.7 Orismìc. 'Ena sunartht  pou ikanopoieÐ mia apì tic treÐc isodÔ-
namec prot�seic thc prohgoÔmenhc prìtashc, ton onom�zoume prosjetikì
sunartht .

1.8.8 Orismìc. Abelian  kathgorÐa eÐnai mia prosjetik  kathgorÐa,
sthn opoÐa

(ı̇) k�je morfismìc èqei èna pur na ki èna sun-pur na
(ı̇ı̇) k�je monomorfismìc eÐnai o pur nac tou sun-pur na tou kai k�je

epimorfismìc eÐnai o sun-pur nac tou pur na tou.
(ı̇ı̇ı̇) k�je morfismìc ekfr�zetai wc h sÔnjesh enìc epimorfismoÔ ki enìc

monomorfismoÔ.

ShmeÐwsh: O orismìc thc abelian c kathgorÐac eÐnai isodÔnamoc me thn
èkfrash: Mia kathgorÐa A onom�zetai abelian , an kai mìno an k�je sÔnolo
omomorfism¸n Hom(A,B), me A,B ∈ Ob(A), èqei dom  abelian c om�dac,
¸ste h sÔnjesh na eÐnai epimeristik  epÐ thc prìsjeshc. Dhlad  gia to di�-
gramma:

A
f // B

g //
g′

// C
h // D

isqÔei
h(g + g′)f = hgf + hg′f ∈ Hom(A,D)

.

ParadeÐgmata: Ta dÔo, pou anafèrame wc paradeÐgmata prosjetik¸n,
eÐnai kai abelianèc kathgorÐec.

Akìma, h kathgorÐa twn peperasmènwn abelian¸n om�dwn eÐnai abelian .
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DikaiologoÔme to pr¸to apì ta paradeÐgmata twn prosjetik¸n kathgori¸n,
dhlad  gia thn kathgorÐa twn bajmwt¸n L-modules MZ

Λ, me morfismoÔc mh-
denikoÔ bajmoÔ metaxÔ touc.

An A = {An} kai B = {Bn}, n ∈ Z bajmwt� L-modules kai φ : A → B
ènac morfismìc bajmoÔ 0, dhlad  φ = {φn : An → Bn, n ∈ Z}, tìte ∀n ∈ Z
isqÔei:

J (ı̇) • Kerφn
// in // An

φn // Bn =⇒ Kerφ // i // A
φ // B ,

ìpou i = {in : Kerφn → An}, n ∈ Z o morfismìc egkleismoÔ.
O pur nac, loipìn, tou φ eÐnai o morfismìc i = {in}, n ∈ Z.

• An
φn // Bn

µn // // Bn/imφn =⇒ A
φ // B

µ // // cokerφ ,
me to morfismì µ = {µn}, n ∈ Z na eÐnai o sun-pur nac tou φ.

J (ı̇ı̇ı̇) An

φAn// // imφn
// in // Bn =⇒ A

φA // // imφ // i // B ,
me to morfismì φ = i ◦ φA wc sÔnjesh enìc epimorfismoÔ kai enìc
monomorfismoÔ.

J (ı̇ı̇) An, t¸ra, o φ eÐnai monomorfismìc, tìte apì to (ı̇) èqoume

A // φ // B
µ // // cokerφ , dhlad  o φ eÐnai pur nac tou µ, tou sun-

pur na tou. En¸ an o φ eÐnai epimorfismìc, apì th sqèsh sto (ı̇),

Kerφ // i // A
φ // // B , o φ èqei jèsh sun-pur na tou pur na tou,

dhlad  tou morfismoÔ i. ♦

1.8.9 Prìtash. An se mia kathgorÐa A dojeÐ o morfismìc φ : A → B,
mporoÔme ap' autìn, na dhmiourg soume thn akoloujÐa

K // µ // A
η // // I // ν // B

ε // // C

ìpou φ = νη, µ : pur nac tou φ, ε : sun-pur nac tou φ, η : sun-pur nac tou µ
kai ν : pur nac tou ε. Epiplèon, h epÐlush tou φ wc sÔnjeto enìc epimorfismoÔ
ki enìc monomorfismoÔ, eÐnai stoiqeiwd¸c monadik .

1.8.10 Orismìc. Se mia abelian  kathgorÐa A

• mia braqeÐa, akrib c akoloujÐa eÐnai h akoloujÐa:

· // µ // · ε // // ·

sthn opoÐa µ : o pur nac tou ε kai ε : o sun-pur nac tou µ en¸
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• mia makr� akrib c akoloujÐa eÐnai mia akoloujÐa:

... φn // · φn+1 // ...

sthn opoÐa ∀n ∈ Z, eÐnai φn = µn ◦ εn, me µn: monomorfismì, εn: epimorfismì
kai akìma ton µn na eÐnai o pur nac tou εn+1 (kai ton εn+1 na eÐnai o sun-
pur nac tou µn).

Parat rhsh: Sth makr�, akrib  akoloujÐa isqÔei φn+1 ◦ φn = 0, diìti to
di�gramm� thc analÔetai wc ex c:

... // · φn //

εn ÃÃ ÃÃB
BB

BB
BB

B · φn+1 //

εn+1 ÃÃ ÃÃB
BB

BB
BB

B · // ...

· >>
µn

>>|||||||| · >>
µn+1

>>||||||||

kai epeid  εn+1 ◦ µn = 0, �ra
φn+1 ◦ φn = (µn+1 ◦ εn+1) ◦ (µn ◦ εn) = µn+1 ◦ (εn+1 ◦ µn) ◦ εn = 0.
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Kef�laio 2

EPEKTASEIS STH
JEWRIA TWN MODULES

To prìblhma epèktashc me to opoÐo asqoloÔmaste s' autì to kef�laio,
arqik�, mporeÐ na diatupwjeÐ wc ex c:

An dojoÔn se mia kathgorÐa A dÔo morfismoÐ g : B → A kai f : B → C,
pìte up�rqei morfismìc h : A → C, ¸ste na antimetatÐjetai to trÐgwno:

B
g //

f
²²

A

h}}
C

dhlad  na isqÔei h ◦ g = f ; Autì onom�zetai prìblhma epèktashc, giatÐ sthn
pr�xh, sun jwc, eÐnai B ⊆ A, o g morfismìc egkleismoÔ, me g(x) = x, x ∈ B
ki ètsi o h, an up�rqei, eÐnai epèktash tou f apì to B se ìlo to A.

2.1 Epekt�seic twn modules

Sth jewrÐa twn modules to prìblhma epèktashc èqei thn ex c morf :

2.1.1 Orismìc. An dojoÔn dÔo modules A kai B, epÐ enìc stajeroÔ dak-
tulÐou Λ, poia modules E mporoÔn na kataskeuastoÔn, ¸ste to B na eÐnai
upo-module tou E kai to A èna module-phlÐko aut¸n; ProspajoÔme, dhlad ,
na jewr soume ìla ta pijan� L-modules E, pou B : upo-module tou E kai
E/B ∼= A. 'Eqoume, loipìn, mia braqeÐa, akrib  akoloujÐa

B // κ // E
ν // // A,
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diìti A ∼= E/B ⇒ kerν = B = imκ. Mia tètoia akoloujÐa, kaleÐtai epèk-
tash tou A dia tou B.

Ja lème ìti h epèktash B ½ E1 ³ A eÐnai isodÔnamh me thn epèktash
B ½ E2 ³ A, an up�rqei ènac omomorfismìc ξ : E1 → E2, ¸ste to akìloujo
di�gramma na eÐnai antimetajetikì:

B // κ1 // E1
ν1 // //

∃ξ
²² ²O
²O
²O

A

B // κ2 // E2
ν2 // // A

Aut  h sqèsh eÐnai sqèsh isodunamÐac, wc: a) autopaj c (profan¸c) b) sum-
metrik , afoÔ apì to l mma (1.2.4) o ξ eÐnai isomorfismìc kai g) metabatik ,
diìti an up�rqoun ξ : E1 → E2 kai ψ : E2 → E3, ¸ste ta antÐstoiqa diagr�m-
mata na eÐnai antimetajetik�, tìte o ψ ◦ ξ : E1 → E3 k�nei to olikì di�gramma
antimetajetikì:

B // κ1 // E1
ν1 // //

ξ
²²

¡¡

A

B //
κ2

// E2 ν2

// //

ψ
²²

ψ◦ξ
A

B // κ3 // E3
ν3 // // A

To sÔnolo twn kl�sewn isodunamÐac twn epekt�sewn tou A dia tou B to
shmei¸noume E(A,B) kai perièqei, profan¸c, toul�qiston èna stoiqeÐo: to
L-module A⊕B, me touc omomorfismoÔc iB, πA kai thn epèktash:

B // iB // A⊕B
πA // // A (2.1)

ìpou o iA : A → A ⊕ B ikanopoieÐ thn isìthta: πAiA = 1A en¸, antÐstoiqa,
o πB : A ⊕ B → B thn isìthta: πBiB = 1B. K�je epèktash isodÔnamh thc
(2.1) lègetai epèktash di�spashc tou A dia tou B.

Ja prospaj soume na k�noume ton E(−,−) sunartht , me to na orÐsoume
touc omomorfismoÔc pou ep�gei.

2.1.2 L mma. To tetr�gwno:

Y
α //

β

²²

A

φ
²²

B
ψ

//
(1)

Q
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eÐnai èna di�gramma efèlkushc, an kai mìno an h akoloujÐa:

0 // Y
{α,β} // A⊕B

<φ,−ψ> // Q

eÐnai akrib c.

Apìdeixh: Prèpei n' apodeÐxoume ìti h kajolik  idiìthta thc efèlkushc
tou (φ, ψ) eÐnai h Ðdia me thn kajolik  idiìthta tou pur na tou < φ,−ψ >.
DÔo sunart seic, loipìn, γ : Z → A kai δ : Z → B, pou k�noun to epìmeno
tetr�gwno antimetajetikì:

Z
γ //

δ
²²

A

φ
²²

B
ψ

// X

tìte kai mìno tìte eis�goun mia apeikìnish {γ, δ} : Z → A ⊕ B, tètoia
¸ste < φ,−ψ > ◦{γ, δ} = 0. H kajolikìthta tou pur na tou < φ,−ψ >
sunep�getai thn Ôparxh miac monadik c apeikìnishc ζ : Z → Y , ¸ste to
akìloujo trÐgwno na eÐnai antimetajetikì:

0 // Y
{α,β} // A⊕B

<φ,−ψ> // X

Z
{γ,δ}

::vvvvvvvvv!ζ

aa

dhlad  na eÐnai {α, β} ◦ ζ = {γ, δ}. H isodÔnamh m' aut n prìtash, pou
ekfr�zei thn kajolik  idiìthta thc efèlkushc, isqurÐzetai thn Ôparxh thc
monadik c apeikìnishc ζ : Z → Y , ¸ste α ◦ ζ = γ kai β ◦ ζ = δ. ♦
2.1.3 L mma. Sthn kathgorÐa twn L-modules: MΛ (kai genikìtera se mia
abelian  kathgorÐa), an to tetr�gwno (1), tou prohgoÔmenou l mmatoc, eÐnai
tetr�gwno efèlkushc, tìte:

(ı̇) O β ep�gei ton isomorfismì: Kerα ∼= Kerψ
(ı̇ı̇) An o ψ eÐnai epimorfismìc, tìte, omoÐwc kai o α eÐnai epimorfismìc.

Apìdeixh: (ı̇) An κ ∈ kerα =⇒ α(κ) = 0 =⇒ ψ[β(κ)] = φ[α(κ)] = 0
=⇒ β(κ) ∈ kerψ kai antistrìfwc,

an λ ∈ kerψ =⇒< φ,−ψ > (0, λ) = 0
=⇒ (0, λ) ∈ ker < φ,−ψ >= im{α, β}
=⇒ ∃κ′ ∈ kerα, {α, β}(κ′) = (0, λ)
=⇒ ∃κ′ ∈ kerα, β(κ′) = λ. 'Ara

kerα ∼= kerψ.
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(ı̇ı̇)Apì to l mma (2.1.2), èqoume to parak�tw antimetajetikì di�gramma:

Y
α

**

β

ÁÁ

{α,β}
(( ((

A⊕B ⊇ im{α, β} iπA //

iπB

²²

i

((RRRRRRRRRRRRR A

φ

²²

A×B

πA

;;vvvvvvvvv

πB

uulllllllllllllll

B
ψ

// X

kai sÔmfwna me autì, an ψ : epimorfismìc, tìte
∀a ∈ A,∃b ∈ B,ψ(b) = φ(a) =⇒ (a, b) ∈ ker < φ,−ψ >= im{α, β}

=⇒ iπA
(a, b) = πAi(a, b) = πA(a, b) = a

=⇒ iπA
: epimorfismìc. 'Ara

α : epimorfismìc. ♦

To l mma sth sunèqeia, eÐnai en mèrei, antÐstrofo tou l mmatoc (2.1.3).

2.1.4 L mma. An to akìloujo di�gramma, me akribeÐc seirèc, eÐnai antimeta-
jetikì:

B // κ′ // E ′ ν′ // //

ξ

²²

A′

α

²²
B // κ // E

ν // // A

tìte to dexÐ tetr�gwno eÐnai tetr�gwno efèlkushc.

Apìdeixh: An
P

ε //

φ

²²

A′

α

²²
E

ν // // A

eÐnai èna tetr�gwno efèlkushc, tìte apì to l mma (2.1.3), epeid  ν : epi-
morfismìc, �ra kai o ε : epimorfismìc kai o φ mac dÐnei ton isomorfismì:
Kerε ∼= Kerν ∼= B. 'Etsi, èqoume thn epèktash:

B // µ // P
ε // // A′.

kai to antimetajetikì di�gramma me akribeÐc seirèc:
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B // µ // P
ε // //

φ

²²

A′

α

²²
B // κ // E

ν // // A

ExaitÐac, loipìn, thc kajolikìthtac thc efèlkushc (P ; ε, φ), up�rqei h apeikìn-
ish ζ : E ′ → P , ¸ste φζ = ξ kai εζ = ν ′, dhlad  ta trÐgwna tou diagr�mmatoc
pou akoloujeÐ, na eÐnai antimetajetik�:

E ′

ζ!
''

ν′

**UUUUUUUUUUUUUUUUUUUUUU

ξ

ÂÂ@
@@

@@
@@

@@
@@

@@
@@

@@
@

P ε
// //

φ

²²

A′

α

²²
E

ν // // A

Epeid , t¸ra, ξκ′ = κ ⇒ (φζ)κ′ = φµ ⇒ φ(ζκ′) = φµ kai o φ, apì to l mma
(2.1.3), ep�gei ton isomorfismì, pou proanafèrame, �ra ζκ′ = µ ki ètsi, to
akìloujo di�gramma eÐnai antimetajetikì, me tic 1A′ kai 1B: tautotikèc, �ra
isomorfismoÔc.

B // κ′ //

1B

E ′ ν′ // //

ζ

²² ξ

¼¼

A′

1A′

α

»»

B //
µ

//

DD
DD

DD
DD

DD
DD

DD
DD

P ε
// //

φ ""

A′
α

!!
B //

κ
// E ν

// // A

B�sei, loipìn, tou l mmatoc (1.2.4), o ζ eÐnai epÐshc isomorfismìc, me E ′ ∼= P ,
dhlad  (E ′; ν ′, ξ): efèlkush tou zeÔgouc (α, ν). ♦

Prospaj¸ntac na d¸soume to sunartht  E(−, B), paÐrnoume ton omomor-
fismì α : A′ → A kai thn epèktash B // κ // E

ν // // A, wc antiprìswpo
enìc stoiqeÐou (kl�shc isodunamÐac) tou E(A,B). JewroÔme to di�gramma

Eα ν′ //

ξ

²²

A′

α

²²
B // κ //

<<

κ′
<<<|

<|
<|

<|
<|

E
ν // // A

ìpou h tri�da (Eα; ν ′, ξ) eÐnai h efèlkush tou zeÔgouc (α, ν). Lìgw tou
l mmatoc (2.1.2), paÐrnoume mia epèktash B // κ′ // Eα ν′ // // A′ ki autì diìti
apì to l mma (2.1.3), o ν ′ eÐnai epimorfismìc (afoÔ eÐnai o ν) kai o κ′ : B → Eα
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eÐnai monomorfismìc, epeid  mèsw tou ξ, kerν ′ ∼= kerν = imκ = B. 'Etsi,
∀b ∈ B, ∃!e ∈ Kerν ′ ⊆ Eα, ¸ste ξ(e) = κ(b). 'Ara orÐzoume ton omomorfismì
κ′ : B ½ Eα, κ′(b) = e, pou eÐnai 1-1, kaj¸c κ : 1-1 kai Kerν ′ ∼= Kerν. Kat'
autì ton trìpo, prokÔptei h sun�rthsh

α∗ : E(A,B) → E(A′, B),

pou antistoiqÐzei sthn kl�sh tou B ½ E ³ A thc E(A, B), thn kl�sh
tou B ½ Eα ³ A′ thc E(A′, B). Isqurizìmaste ìti autìc o orismìc tou
E(α,B) = α∗, pou eÐnai anex�rthtoc tou antipros¸pou B ½ E ³ A, k�nei
ton E(−, B) ènan antalloÐwto sunartht .

Ki autì, diìti antistoiqÐzei k�je L-module A ∈ Ob(MΛ), sto sÔnolo twn
kl�sewn twn epekt�sewn tou A dia tou B, to E(A,B) kai akìma k�je mor-
fismì α ∈ MΛ(A′, A) s' èna morfismì α∗ = E(α,B) ∈ S(E(A,B), E(A′, B)),
pou ikanopoieÐ tic sqèseic:

(fg)∗ = g∗f ∗, (1A)∗ = 1E(A,B)

ParomoÐwc, an β : B → B′ ènac omomorfismìc, kai B // κ // E
ν // // A,

ènac antiprìswpoc enìc stoiqeÐou tou E(A,B), jewroÔme to di�gramma:

B // κ //

β

²²

E
ν // //

ξ
²²

A

B′ κ′ // Eβ

ν′

== ===}
=}

=}
=}

ìpou h tri�da (Eβ; κ′, ξ) eÐnai h ex¸jhsh tou zeÔgouc (β, κ). Lìgw tou duðkoÔ
tou l mmatoc (2.1.3), paÐrnoume mia epèktash B′ // κ′ // Eβ

ν′ // // A ki è-
qoume th sun�rthsh

β∗ : E(A, B) → E(A,B′),

pou antistoiqÐzei sthn kl�sh tou B ½ E ³ A tou sunìlou E(A,B), thn
kl�sh tou B′ ½ Eβ ³ A sto E(A,B′). Autìc o orismìc tou E(A, β) =
β∗, anex�rthtoc tou antipros¸pou B ½ E ³ A, k�nei ton E(A,−) èna
sunalloÐwto sunartht . 'Etsi, apodeiknÔetai to parak�tw je¸rhma:

2.1.5 Je¸rhma. O E(−,−) eÐnai ènac di-sunartht c apì thn kathgorÐa
MΛ twn L-modules sthn kathgorÐa twn sunìlwn S, o opoÐoc eÐnai antalloÐ-
wtoc sthn pr¸th kai sunalloÐwtoc sth deÔterh metablht .
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2.2 O sunartht c Ext

OrÐzoume t¸ra èna �llo di-sunartht , ton ExtΛ(−,−) apì thn kathgorÐa
MΛ sthn kathgorÐa Ab, twn abelian¸n om�dwn.

2.2.1 Orismìc. Mia braqeÐa, akrib c akoloujÐa

R // µ // P
ε // // A

twn L-modules R, P, A, me to P probolikì, onom�zetai probolik  parousÐ-
ash tou A.

Mia tètoia parousÐash, lìgw tou jewr matoc (1.3.2), ep�gei, gia to tuqaÐo
L-module B, thn akrib  akoloujÐa

HomΛ(A,B) // ε∗ // HomΛ(P,B)
µ∗

µ∗(φ)=φµ
// HomΛ(R, B). (2.2)

'Etsi, jewroÔme thn abelian  om�da

ExtεΛ(A,B) = coker[µ∗ : HomΛ(P, B) → HomΛ(R, B)]

dhlad  thn
ExtεΛ(A,B) = HomΛ(R,B)�imµ∗

pou thn antistoiqÐzoume sta modules A, B kai sthn epilegmènh probolik 
parousÐash tou A, ìpwc dhl¸nei kai o uper-deÐkthc ε.

'Ena stoiqeÐo tou ExtεΛ(A,B) mporeÐ n' antiproswpeujeÐ apì èna omomor-
fismì φ : R → B kai autì, ja shmei¸netai [φ] ∈ ExtεΛ(A,B). An loipìn,
[φ1], [φ2] ∈ ExtεΛ(A,B) èqoume

[φ1] = [φ2] ⇐⇒ φ1 − φ2 ∈ imµ∗

⇐⇒ ∃φ ∈ HomΛ(P,B), µ∗(φ) = φ1 − φ2

⇐⇒ ∃φ : P → B, φµ = φ1 − φ2.

H teleutaÐa sqèsh ekfr�zetai me to parak�tw sq ma

R // µ //

φ1−φ2

²²

P

∃φ}}
B

kai dhl¸nei ìti up�rqei omomorfismìc φ : P → B, ¸ste o omomorfismìc
φ1 − φ2 na epekteÐnetai sto P me ton φ.
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'Enac omomorfismìc f : B → B′ apeikonÐzei thn akoloujÐa (2.2) sthn
antÐstoiqh akoloujÐa gia to B′. PaÐrnoume, loipìn, thn epagìmenh apeikìnish:

f∗ : ExtεΛ(A,B) → ExtεΛ(A,B′),

ìpou, an φ ∈ ExtεΛ(A,B) (φ : R → B), tìte f∗(φ) = fφ ∈ ExtεΛ(A,B′),
dhlad  fφ : R → B′, sÔmfwna me to sq ma:

R
φ //

f∗(φ)=fφ !!

B

f
²²

B′

ki ètsi o ExtεΛ(A,−) gÐnetai ènac sunartht c, pou antistoiqÐzei:

(ı̇) Ob(MΛ) 3 B
ExtεΛ(A,−)

// ExtεΛ(A,B)

(ı̇ı̇) MΛ(B,B′) 3 [f : B → B′]
ExtεΛ(A,−)

// [f∗ : ExtεΛ(A,B) → ExtεΛ(A,B′)] ,

kaj¸c isqÔoun oi sqèseic (fg)∗ = f∗g∗ kai (1A)∗ = 1ExtεΛ(A,A), ìpwc faÐnetai
ap'ta sq mata:

B1

fg

""DD
DD

DD
DD

g

²²
B

f
// B′

Ã

ExtεΛ(A,−)

Ã

ExtεΛ(A, B1)
(fg)∗

((QQQQQQQQQQQQQ
g∗

²²
ExtεΛ(A,B)

f∗
// ExtεΛ(A,B′)

A

1A

²²
A

Ã

ExtεΛ(A,−)

Ã

ExtεΛ(A,A)

(1A)∗
²²

ExtεΛ(A,A)

TÐjetai, ìmwc, to er¸thma kat� pìso ephrre�zetai o sunartht c ExtεΛ(A,−)
apì tic parousi�seic tou A. Ja deÐxoume ìti dÔo diaforetikèc parousi�seic
tou A dÐnoun ton Ðdio sunartht .

Arqik�, jewroÔme tic R′ // µ′ // P ′ ε′ // // A′ kai R // µ // P
ε // // A

probolikèc parousi�seic twn A′ kai A antÐstoiqa. An α : A′ → A ènac
module-omomorfismìc, epeid  to P ′ eÐnai probolikì module, up�rqei (gia ton
epimorfismì ε kai ton omomorfismì αε′ : P ′ → A) omomorfismìc π : P ′ → P ,
pou ep�gei ton σ : R′ → R (afoÔ, lìgw kajolikìthtac tou kerε, εµ = 0 =
αε′µ′ = επµ′ =⇒ ∃σ : R′ → R, me πµ′ = µσ), ¸ste to akìloujo di�gramma
na eÐnai antimetajetikì:
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R′ // µ′ //

σ

²² ²O
²O
²O

P ′ ε′ // //

π

²²

A′

α

²²
R // µ // P

ε // // A

Sun jwc, lème ìti o π anuy¸nei ton α. 'Etsi, o π me ton σ ep�goun mia
apeikìnish

π∗ : ExtεΛ(A,B) → Extε
′

Λ(A′, B)

ìpou an φ ∈ ExtεΛ(A,B), dhlad  φ : R → B, tìte π∗(φ) = φσ ∈ ExtεΛ(A′, B),
dhlad  φσ : R′ → B kai to sq ma sumplhr¸netai wc ex c:

R′ // µ′ //

π∗(φ)=φσ

¦¦

σ

²²

P ′ ε′ // //

π

²²

A′

α

²²
R // µ //

φ||zz
zz

zz
zz

P
ε // // A

B

Aut  h apeikìnish π∗ eÐnai fusik  sto B, pou shmaÐnei ìti ∀f ∈ MΛ(B, B′)
(f : B → B′), to parak�tw di�gramma antimetatÐjetai:

ExtεΛ(A,B)
π∗B //

f∗
²²

Extε
′

Λ(A′, B)

(f∗)′
²²

ExtεΛ(A,B′)
π∗

B′ // Extε
′

Λ(A′, B′)

ki autì diìti gia φ : R → B kai σ : R′ → R isqÔei:

π∗B′f∗ = (f∗)′π∗B ⇐⇒ [π∗B′f∗](φ) = [(f∗)′π∗B](φ)

⇐⇒ π∗B′ [f∗(φ)] = (f∗)′[π∗B(φ)]

⇐⇒ π∗B′(fφ) = (f∗)′(φσ)

⇐⇒ (fφ)σ = f(φσ).

Gia k�je π, loipìn, èqoume to fusikì metasqhmatismì apì to sunartht 
ExtεΛ(A,−) sto sunartht  Extε

′
Λ(A′,−).

2.2.2 L mma. H apeikìnish π∗ den exart�tai apì ton omomorfismì
π : P ′ → P , all� mìno apì ton α : A′ → A.
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Apìdeixh: PaÐrnoume πi : P ′ → P , i = 1, 2 dÔo omomorfismoÔc, pou
anuy¸noun ton α kai ep�goun touc σi : R′ → R, ¸ste t' akìlouja diagr�mmata
gia i = 1, 2 na eÐnai antimetajetik�:

R′ // µ′ //

σi

²²

P ′ ε′ // //

πi

²²

τ

||

A′

α

²²
R // µ // P

ε // // A

Epeid  ε(π1−π2)[= αε′−αε′] = 0 kai o µ pur nac tou ε, �ra up�rqei monadikìc
omomorfismìc τ : P ′ → R, ¸ste

π1 − π2 = µτ =⇒ µ(σ1 − σ2) = (π1 − π2)µ
′ = (µτ)µ′

=⇒ τµ′ = σ1 − σ2 (afoÔ o µ eÐnai 1-1).

'Etsi, an φ : R → B eÐnai ènac antiprìswpoc tou [φ] ∈ ExtεΛ(A,B), èqoume
π∗1([φ]) = [φσ1]

= [φ(σ2 + τµ′)]
= [φσ2 + φτµ′]
= [φσ2] (afoÔ φτµ′ ∈ im[(µ′)∗ : HomΛ(P ′, B) → HomΛ(R′, B)])
= π∗2([φ]). ♦

Ekfr�zoume, loipìn, to fusikì metasqhmatismì:

(α; P ′, P ) : ExtεΛ(A,−) → Extε
′

Λ(A′,−),

antÐ tou π∗, gia na dhl¸noume ìti eÐnai anex�rthtoc tou π.

An jewr soume, t¸ra, touc module-omomorfismoÔc
α′ : A′′ → A′ kai α : A′ → A kai tic probolikèc parousi�seic
R′′ ½ P ′′ ³ A′′, R′ ½ P ′ ³ A′ kai R ½ P ³ A twn A′′, A′, A antÐstoiqa

kai touc π′ : P ′′ → P ′, π : P → P ′, pou anuy¸noun touc α′, α antÐstoiqa,
tìte o π ◦π′ : P ′′ → P anuy¸nei ton α ◦α′ : A′′ → A kai wc ek toÔtou, èpetai
ìti

(α′; P ′′, P ′) ◦ (α; P ′, P ) = (α ◦ α′; P ′′, P ) (2.3)

kai epÐshc, èqw

(1A; P, P ) = 1 : ExtεΛ(A,−) → ExtεΛ(A,−). (2.4)

'Etsi, odhgoÔmaste sto epìmeno pìrisma.
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2.2.3 Pìrisma. An R // // P
ε // // A kai R′ // // P ′ ε′ // // A eÐnai

dÔo probolikèc parousi�seic tou A, tìte o metasqhmatismìc

(1A; P ′, P ) : ExtεΛ(A,−) → Extε
′

Λ(A,−),

eÐnai mia fusik  isodunamÐa.

Apìdeixh: An π : P → P ′ kai π′ : P ′ → P kai oi dÔo anuy¸noun ton
1A : A → A, tìte apì touc tÔpouc (2.3) kai (2.4) èqoume

(1A; P, P ′) ◦ (1A; P ′, P ) = (1A; P, P ) = 1 : ExtεΛ(A,−) → ExtεΛ(A,−)

kai omoÐwc

(1A; P ′, P ) ◦ (1A; P, P ′) = (1A; P ′, P ′) = 1 : Extε
′

Λ(A,−) → Extε
′

Λ(A,−).

'Ara
(1A; P ′, P ) : ExtεΛ(A,−) ' Extε

′
Λ(A,−). ♦

ExaitÐac thc fusik c aut c isodunamÐac, mporoÔme na paraleÐpoume ton
uper-deÐkth ε kai na gr�foume apl� ExtΛ(A,B).

Stìqoc mac eÐnai sth sunèqeia, na dhmiourg soume to sunartht  ExtΛ(−, B).
An dojeÐ loipìn, f : A′ → A, mporoÔme na orÐsoume mia epagìmenh sun�rthsh
f ∗ wc akoloÔjwc: Dialègoume probolikèc parousi�seic twn A′ kai A antÐs-
toiqa:

R′ // // P ′ ε′ // // A′ kai R // // P
ε // // A

kai èstw
f ∗ = (f ; P ′, P ) : ExtεΛ(A,B) → Extε

′
Λ(A′, B).

Lìgw twn tÔpwn (2.3) kai (2.4), ìpwc kai sto pìrisma (2.2.3), o orismìc autìc
eÐnai sumbatìc me th fusik  isodunamÐa: ExtεΛ(−, B) ' Extε

′
Λ(−, B) ki ètsi o

ExtΛ(−, B) gÐnetai ènac antalloÐwtoc sunartht c pou antistoiqÐzei:

(ı̇) Ob(MΛ) 3 A
ExtΛ(−,B) // ExtΛ(A,B)

(ı̇ı̇) MΛ(A′, A) 3 [f : A′ → A]
ExtΛ(−,B)// [f ∗ : ExtεΛ(A,B) → Extε

′
Λ(A′, B)] ,

kaj¸c isqÔoun oi sqèseic (gf)∗ = f ∗g∗ kai (1A)∗ = 1ExtεΛ(A,B), ìpwc faÐnetai
ap' ta sq mata:
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A1

A

g

OO

A′
f

oo

gf
aaDDDDDDDD

Ã

ExtΛ(−,B)

Ã

Extε1
Λ (A1, B)

(gf)∗

((QQQQQQQQQQQQQ

g∗

²²
ExtεΛ(A,B)

f∗
// Extε

′
Λ(A′, B)

A

1A

²²
A

Ã

ExtΛ(−,B)

Ã

ExtεΛ(A,B)

ExtεΛ(A,B)

(1A)∗
OO

'Etsi, sÔmfwna me ta parap�nw, isqÔei to epìmeno je¸rhma.

2.2.4 Je¸rhma. O ExtΛ(−,−) eÐnai ènac di-sunartht c apì thn kathgorÐ-
a MΛ twn L-modules, sthn kathgorÐa Ab twn abelian¸n om�dwn. EÐnai an-
talloÐwtoc sthn pr¸th kai sunalloÐwtoc sth deÔterh metablht .

2.3 Fusik  isodunamÐa twn Ext kai E(-,-)
AntÐ na jewroÔme to ExtΛ(A,B) wc mÐa abelian  om�da, mporoÔme, pro-

fan¸c, na to jewr soume wc èna sÔnolo. 'Etsi, paÐrnoume ton di-sunartht 
apì thn kathgorÐa MΛ twn L-modules, sthn kathgorÐa S twn sunìlwn, pou
onom�zoume p�li ExtΛ(−,−).

2.3.1 Je¸rhma. Up�rqei mia fusik  isodunamÐa metaxÔ twn di-sunartht¸n
me sunolo-timèc:

η : ExtΛ(−,−) ∼ // E(−,−)

Apìdeixh: An R // µ // P
ε // // A eÐnai mia stajer  probolik  parousÐ-

ash tou A, orÐzoume arqik�, èna isomorfismì twn sunìlwn

η : E(A,B) ∼ // ExtεΛ(A,B),

fusikì sto B. Sth sunèqeia, ja deÐxoume ìti o η eÐnai fusikìc kai sto A.
Jewr¸ntac èna stoiqeÐo tou E(A,B), pou antiproswpeÔetai apì thn epèk-
tash B // κ // E

ν // // A, , afoÔ P : probolikì, up�rqei φ : P → E kai
dhmiourgoÔme to di�gramma:
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R // µ //

ψ
²² ²O
²O
²O

P
ε // //

φ
²² ²O
²O
²Oτ

}}

A

B // κ // E
ν // // A

O omomorfismìc ψ : R → B orÐzei èna stoiqeÐo [ψ] ∈ ExtεΛ(A,B) = coker(µ∗ :
Hom(P, B) → Hom(R, B)). Ja deÐxoume ìti to [ψ] eÐnai anex�rthto thc epi-
log c tou sugkekrimènou φ. 'Etsi, an φi : P → E, i = 1, 2 dÔo omomorfismoÐ,
pou ep�goun touc ψi : R → B, i = 1, 2, tìte

ν(φ1 − φ2) = 0 =⇒ ∃τ : P → B, φ1 − φ2 = κτ (κ : pur nac tou ν)
=⇒ ψ1 − ψ2 = τµ
=⇒ [ψ1] = [ψ2 + τµ]
=⇒ [ψ1] = [ψ2] (τµ ∈ imµ∗).

AfoÔ dÔo antiprìswpoi tou Ðdiou stoiqeÐou tou E(A,B), oi B // κ // E
ν // // A

kai B // κ′ // E ′ ν′ // // A, ep�goun to Ðdio stoiqeÐo [ψ] ∈ ExtεΛ(A,B), sÔm-
fwna me to sq ma:

R // µ //

ψ
²²

P
ε // //

φ
²²

A

B //
κ

// E ν
// //

ξ

²²

A

B //
κ′

// E ′
ν′

// // A,

èqoume orÐsei kal� mia apeikìnish

η : E(A,B) → ExtεΛ(A,B).

H η eÐnai fusik  sto B diìti:

an f ∈ MΛ(B,B′) (dhlad  f : B → B′), to parak�tw tetr�gwno gia tic
epekt�seic B // κ // EB

ν // // A kai B′ // κ′ // EB′
ν′ // // A kai ta antÐs-

toiq� touc mèsw thc η [ψB] kai [ψB′ ], eÐnai antimetajetikì:

E(A,B) 3 EB
ηB //

E(A,f)

²²

[ψB] ∈ ExtεΛ(A,B)

ExtεΛ(A,f)

²²
E(A,B′) 3 EB′

ηB′ // [ψB′ ] ∈ ExtεΛ(A,B′)

giatÐ afoÔ
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ExtεΛ(A, f) · ηB : EB
ηB // [ψB]

ExtεΛ(A,f)
// [fψB]

kai ηB′ · E(A, f) : EB
E(A,f) // EB′

ηB′ // [ψB′ ],

prèpei [ψB′ ] = [fψB]

kai apì to akìloujo di�gramma:

R // µ //

ψB

¹¹-
--

--
--

--
--

--
--

--
--

--

ψB′

¥¥­­
­­

­­
­­

­­
­­

­­
P

ε // //

φ

¹¹-
--

--
--

--
--

--
--

--
--

--

φ′

¥¥

A
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,,

,,
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,,

,

B′ // κ′ // EB′
ν′ // // A

B //
κ

//
f

hhQQQQQQQQQQQQQQQQ
EB ν

// //
E(A,f)

hh

A,

prokÔptoun oi sqèseic:
κ′ψB′ = φ′µ = [E(A, f)φ]µ

= E(A, f)(φµ)
= E(A, f)(κψB)
= [E(A, f)κ]ψB

= (κ′f)ψB

= κ′(fψB). Epeid , ìmwc κ′ : 1-1, �ra

ψB′ = fψB =⇒ [ψB′ ] = [fψB]

.

AntÐstrofa, an dojeÐ èna stoiqeÐo [ψ] ∈ ExtεΛ(A,B), jewroÔme èna an-
tiprìswpì tou ψ : R → B kai paÐrnoume thn ex¸jhsh tou zeÔgouc omomor-
fism¸n (ψ, µ), dhlad  thn tri�da (E; κ, φ) ki ètsi, prokÔptei to di�gramma:

R // µ //

ψ
²²

P
ε // //

φ
²² ²O
²O
²O

A

B
κ ///o/o/o E

ν // A.

Apì to duðkì tou l mmatoc (2.1.3), prokÔptei kerκ ∼= kerµ = {0} =⇒ κ : 1−1
kai akìmh,

ε : epÐ =⇒ ∀a ∈ A, ∃ρ ∈ P, ε(ρ) = a
=⇒ ∀a ∈ A, ∃e = φ(ρ) ∈ E, ν(e) = νφ(ρ) = ε(ρ) = a
=⇒ ν : epÐ.
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H k�tw seir�, loipìn, tou diagr�mmatoc eÐnai mia epèktash tou A dia tou
B, anex�rthth tou antipros¸pou ψ : R → B, giatÐ ènac �lloc antiprìswpoc
ψ′ : R → B tou [ψ], ja gr�fetai ψ′ = ψ + τµ, ìpou τ : P → B kai tìte to
di�gramma:

R // µ //

ψ′
²²

P
ε // //

φ′
²²

τ

}}

A

B // κ // E
ν // // A.

eÐnai antimetajetikì, afoÔ φ′µ = (φ + κτ)µ = κψ + κτµ = κ(ψ + τµ) =
κψ′. Apì to duðkì, loipìn, tou l mmatoc (2.1.4), to aristerì tetr�gwno eÐnai
di�gramma ex¸jhshc �ra, lìgw thc kajolikìthtac thc ex¸jhshc (E; φ, κ) tou
zeÔgouc (ψ, µ), h epèktash eÐnai anex�rthth tou antipros¸pou ψ. 'Etsi èqoume
orÐsei mia apeikìnish

ξ : ExtεΛ(A,B) 3 [ψ] −→ [B ½ E ³ A] ∈ E(A,B)

pou ìpwc kai h η, eÐnai fusik  sto B, sÔmfwna me to akìloujo antimetajetikì
sq ma:

ExtεΛ(A,B) 3 [ψB]
ξB //

ExtεΛ(A,f)

²²

EB ∈ E(A,B)

E(A,f)

²²
ExtεΛ(A,B′) 3 [ψB′ ] = [fψB]

ξB′ // EB′ ∈ E(A, B′)

me

E(A, f) · ξB : [ψB]
ξB // EB

E(A,f) // EB′

kai ξB′ · ExtεΛ(A, f) : [ψB]
ExtεΛ(A,f)

// [fψB] = [ψB′ ]
ξB′ // (E1; φ1, κ1),

ìpou

f ∈ MΛ(B, B′) (f : B → B′), [ψB] ∈ ExtεΛ(A,B), [ψB′ ] ∈ ExtεΛ(A,B′), oi

B // κ // EB
ν // // A kai B′ // κ′ // EB′

ν′ // // A eÐnai oi epekt�seic, antÐs-
toiqec twn [ψB] kai [ψB′ ], mèsw thc ξ, en¸ (E1; φ1, κ1) h ex¸jhsh tou zeÔgouc
(ψB′ , µ).
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H antimetajetikìthta tou parap�nw sq matoc ekfr�zetai ap' thn isodunamÐ-
a:

EB′
∼= (E1; φ1, κ1)

kai aut  prokÔptei apì to akìloujo di�gramma:

R // µ //

ψB

¹¹,
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,,

fψB

§§°°
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°ψB′
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P
φ1
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ε // //

φ
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++
++

φ′
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A
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+
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B′ // κ1 // E1
ν1 // // A

B′ // κ′ // EB′

∃ξ1
OO
O²
O²
O²

ν′ // // A

B //
κ

//
f

hhQQQQQQQQQQQQQQQQ
EB ν

// //
E(A,f)

hh

A,

diìti lìgw thc kajolikìthtac thc (E1; φ1, κ1), pou eÐnai h ex¸jhsh tou zeÔ-
gouc (ψB′ , µ), up�rqei monadikìc omomorfismìc ξ1 : EB′ → E1 pou k�nei ta
antÐstoiqa trÐgwna antimetajetik� kai �ra tic epekt�seic E1 kai EB′ isodÔ-
namec.

Apì to l mma (2.1.4) kai thn kajolikìthta thc ex¸jhshc, èpetai ìti
ξη = 1E(A,B) kai ηξ = 1ExtεΛ(A,B), �ra η kai ξ antÐstrofec kai epomènwc

isqÔei h isodunamÐa:

η : E(−,−) ∼ // ExtΛ(−,−).

Ja deÐxoume akìmh ìti h η den exart�tai apì thn probolik  parousÐash tou
A, me th bo jeia tou epìmenou trisdi�statou diagr�mmatoc, to opoÐo epÐshc,
deÐqnei kai th fusikìthta thc η sto A:

R // //

ψ

²²

P
ε // //

φ

²²

A

R′ // //

∃ψ′

²²
²O
²O
²O
²O
²O
²O
²O
²O

bbEEEEEEEE

P ′ // //

∃φ′

²²
²O
²O
²O
²O
²O
²O
²O
²O

bbEEEEEEEE

A′

α
aaCCCCCCCC

B // // E // // A

B // //

EEEEEEEE

EEEEEEEE

Eα // //

bb

A′

α
aa
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ìpou to Eα eÐnai h efèlkush tou zeÔgouc (E → A,A′ → A). Prèpei na
deiqjeÐ h Ôparxh twn omomorfism¸n φ′ kai ψ′, ¸ste ìlec oi èdrec tou par-
allhlepipèdou n' antimetatÐjentai. H isìthta twn sunjèsewn P ′ → E → A
kai P ′ → A′ → A orÐzei (apì thn kajolikìthta thc efèlkushc) èna omomor-
fismì φ′ : P ′ → Eα. Kat� sunèpeia, o φ′ ja ep�gei ton ψ′, ¸ste na isqÔei
h isìthta twn R′ → P ′ → Eα kai R′ → B → Eα. Tèloc, oi R′ → R → B
kai ψ′ sumpÐptoun, afoÔ, an tic sunjèsoume me to monomorfismì B ½ E,
prokÔptei isìthta. 'Etsi, to ìlo parallhlepÐpedo eÐnai antimetajetikì.

'Ara isqÔei kai h antimetajetikìthta tou epìmenou diagr�mmatoc:

E(A,B)
α∗=E(α,B) //

η

²²

E(A′, B)

η

²²
ExtεΛ(A,B)

α∗=ExtεΛ(α,B)
//

ξ

OO

Extε
′

Λ(A′, B)

ξ

OO

pou exasfalÐzei th fusikìthta twn η kai ξ sto A.
An t¸ra A′ = A =⇒ α = 1A, tìte to sq ma deÐqnei ìti oi η kai ξ eÐnai

anex�rthtec thc epilegmènhc probolik c parousÐashc tou A. ♦

2.3.2 Pìrisma. To sÔnolo E(A, B) twn kl�sewn isodunamÐac twn epek-
t�sewn tou A di� tou B, èqei th dom  abelian c fusik c om�dac.

Apìdeixh: EÐnai profanèc, afoÔ h ExtεΛ(A,B) èqei th dom  fusik c, a-
belian c om�dac kai h η : E(−,−) ∼ // ExtΛ(−,−) , pou tic sundèei, eÐnai
mia fusik  isodunamÐa. ♦

DÐnoume ed¸ to oudètero stoiqeÐo thc abelian c om�dac E(A,B). JewroÔme
to di�gramma:

R // µ //

ψ
²²

P
ε // //

φ
²²

τ

}}

A

σ
}} }=

}=
}=

}=
}=

B //
κ

// E ν
// // A.

H epèktash B ½ E ³ A antiproswpeÔei to oudètero stoiqeÐo thc E(A,B)
an kai mìno an o ψ : R → B eÐnai o periorismìc enìc omomorfismoÔ τ : P → B,
dhlad  isqÔei ψ = τµ. Epomènwc èqoume:

φµ = κψ = κτµ =⇒ (φ− κτ)µ = 0[: R → E]
=⇒ ∃σ[: A → E], φ− κτ = σε

(lìgw kajolikìthtac tou sun-pur na tou µ, afoÔ kai εµ = 0).
Epeid , ìmwc
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νφ=ε
νκ=0 }=⇒ν(φ−κτ)=ε,

=⇒ φ− κτ = σε = σν(φ− κτ)
=⇒ o σ : dexÐ antÐstrofo tou ν

=⇒ h epèktash B // κ // E
ν // // A diasp�tai.

Antistrìfwc, an h B // κ // E
ν // // A diasp�tai, to aristerì antÐstro-

fo tou κ, an to sunjèsoume me th φ : P → E, mac dÐnei ton omomorfismì
τ : P → B. 'Ara ψ = τµ, dhlad  h B ½ E ³ A antiproswpeÔei to oudètero
thc E(A,B).

2.3.3 Prìtash. An to P : probolikì module kai to I : enriptikì module,
tìte gia opoiad pote L-modules A, B, isqÔei ExtΛ(P, B) = 0 = ExtΛ(A, I).

Apìdeixh: Apì to parap�nw je¸rhma, h om�da ExtΛ(P,B) eÐnai se 1− 1
antistoiqÐa me thn E(P, B), h opoÐa apoteleÐtai apì tic kl�seic epekt�sewn
tou tÔpou B ½ E ³ P . All� apì to je¸rhma (1.5.9), braqeÐec, akribeÐc
akoloujÐec autoÔ tou tÔpou, diasp¸ntai. 'Ara E(A,B) = {0}. Ergazìmenoi
duðk�, deÐqnoume to deÔtero isqurismì thc prìtashc. ♦

2.4 'Alloi Ext-sunarthtèc
Sth sunèqeia, ja orÐsoume �llec morfèc om�dwn ExtΛ(A,B) kai E(A,B)

kai antÐstoiqwn sunartht¸n, pou prokÔptoun paÐrnontac th duðk  thc mejìdou,
pou xekÐnhse me thn probolik  parousÐash tou L-module A.

2.4.1 Orismìc. Mia braqeÐa, akrib c akoloujÐa

B // ν // I
η // // S

twn L-modules B, I, S, me to I enriptikì, onom�zetai enriptik  parousÐ-
ash tou B.

OrÐzoume, loipìn, thn om�da

Ext ν
Λ(A,B) = coker [η∗ : HomΛ(A, I) → HomΛ(A, S)],

pou prokÔptei (lìgw tou jewr matoc 1.3.1) apì thn akrib  akoloujÐa:

HomΛ(A,B) // ν∗ // HomΛ(A, I)
η∗

η∗(φ)=ηφ
// HomΛ(A, S). (2.5)
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An jewr soume ta duðk� tou l mmatoc (2.2.2), tou porÐsmatoc (2.2.3) kai
tou jewr matoc (2.2.4), katal goume sto ìti h Ext ν

Λ(A,B) den exart�tai apì
thn enriptik  parousÐash tou B kai odhgoÔmaste sto di-sunartht  Ext Λ(−,−),
o opoÐoc eÐnai sunalloÐwtoc sth deÔterh kai antalloÐwtoc sthn pr¸th tou
metablht . EpÐshc, to duðkì tou jewr matoc (2.3.1) mac dÐnei th fusik  iso-
dunamÐa twn di-sunartht¸n me sunolo-timèc:

Ext Λ(−,−)
∼ // E(−,−).

Ja mporoÔsame na odhghjoÔme stic Ðdiec prot�seic, efarmìzontac to l mma
tou Lambek (L mma 1.2.5) gia thn epìmenh prìtash:

2.4.2 Prìtash. Gia k�je probolik  parousÐash R // µ // P
ε // // A tou

L-module A kai k�je enriptik  parousÐash B // ν // I
η // // S tou L-module

B, up�rqei ènac isomorfismìc σ metaxÔ twn om�dwn:

σ : ExtεΛ(A,B) ∼ // Ext ν
Λ(A, B).

Apìdeixh: JewroÔme to akìloujo antimetajetikì di�gramma, me akribeÐc
seirèc kai st lec:

HomΛ(A,B) // //
²²

ε∗
²²

HomΛ(A, I)
η∗ //

²²

²² Σ2

HomΛ(A, S)
²²

θ
²²

φ∗ // //

Σ1

Ext ν
Λ(A,B)

α

²²
HomΛ(P, B) // //

µ∗

²² Σ4

HomΛ(P, I) //

²² Σ3

HomΛ(P, S) //

²²

0

HomΛ(R, B) //
φ′∗

//

θ1
²²²² Σ5

HomΛ(R, I) //

α1

²²

HomΛ(R, S) (2.6)

ExtεΛ(A,B) // 0

Epeid  kerΣ1 =
ker(αφ∗)

kerφ∗+kerθ = Hom(A,S)
imη∗+0 = cokerη∗ = Ext ν

Λ(A,B) kai

kerΣ5 =
ker(α1φ

′∗)
kerφ′∗+kerθ1

= HomΛ(R,B)
0+imµ∗ = cokerµ∗ = ExtεΛ(A,B),

me suneq  efarmog  tou l mmatoc tou Lambek, èqoume:

Ext ν
Λ(A,B) = kerΣ1

∼= imΣ2
∼= kerΣ3

∼= imΣ4
∼= kerΣ5 = ExtεΛ(A, B). ♦
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Epeid , gia k�je enriptik  parousÐash tou B, h om�da Ext ν
Λ(A,B) eÐnai isì-

morfh me thn ExtεΛ(A,B), mporoÔme na paraleÐpoume ton uper-deÐkth ν, gr�-
fontac apl¸c Ext Λ(A,B).

An t¸ra β : B → B′ ènac omomorfismìc, B′ // ν′ // I ′ // // S ′ mia enrip-
tik  parousÐash tou L-module B′ kai τ : I → I ′ mia sun�rthsh pou ep�gei
ton β, lìgw enriptikìthtac tou I ′, kat� to antimetajetikì sq ma:

B // ν //

β

²² !!

I
η // //

τ

²²
²O
²O
²O

S

²²
B′ // ν′ // I ′ // // S ′,

tìte to parap�nw pollaplì di�gramma (2.6) antistoiqÐzetai s' èna antÐstoiqo
gia thn B′ ½ I ′ ³ S. Opìte, paÐrnoume ton omomorfismì twn abelian¸n
om�dwn

β∗ : Ext Λ(A,B) → Ext Λ(A,B′)

o opoÐoc, exaitÐac tou isomorfismoÔ thc prìtashc (2.4.2), sumfwneÐ me ton
omomorfismì, pou  dh èqei analujeÐ: β∗ : ExtΛ(A,B) → ExtΛ(A,B′).

An�loga, xekin¸ntac ap' ton module-omomorfismì α : A′ → A, mporoÔme na
orÐsoume ton antÐstoiqo omomorfismì, sthn pr¸th metablht , twn abelian¸n
om�dwn:

α∗ : Ext Λ(A,B) → Ext Λ(A′, B).

M' autoÔc touc orismoÔc, o Ext Λ(−,−) gÐnetai ènac di-sunartht c kai h σ
mia fusik  isodunamÐa:

σ : ExtΛ(−,−) ∼ // Ext Λ(−,−).

'Eqoume loipìn,
2.4.3 Pìrisma. O Ext Λ(−,−) eÐnai ènac di-sunartht c, antalloÐwtoc sth-
n pr¸th kai sunalloÐwtoc sth deÔterh metablht  tou. Akìma, eÐnai fusik�
isodÔnamoc me ton ExtΛ(−,−) kai �ra kai me ton E(−,−).
K�poiec forèc ekfr�zoume th fusik  isodunamÐa metaxÔ twn Ext Λ(−,−) kai
ExtΛ(−,−) me to na mil�me gia thn isorropÐa tou sunartht  Ext.

Tèloc, mèsw tou pollaploÔ sq matoc (2.6), pou qrhsimopoi jhke gia thn
apìdeixh thc prìtashc (2.4.2), prokÔptei mia summetrik  perigraf  tou Ext.
Dhlad 
2.4.4 Pìrisma. ExtΛ(A,B) ∼= kerΣ3.

'Etsi, antÐ gia touc treÐc fusik� isodÔnamouc sunarthtèc, ton E(−,−), ton
ExtΛ(−,−) kai ton Ext Λ(−,−), ja qrhsimopoioÔme èna sumbolismì, autìn
tou sunartht  ExtΛ(−,−).
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2.5 AkribeÐc akoloujÐec mèsw Ext-sunartht¸n
S' aut  thn par�grafo ja odhghjoÔme se makrèc, akribeÐc akoloujÐec,

pou sundèoun om�dec Hom kai Ext. Apì to l mma tou fidioÔ (l mma 1.2.7),
dojèntoc tou antimetajetikoÔ diagr�mmatoc me akribeÐc seirèc:

A
µ //

α

²²

B
ε //

β
²²

C //

γ

²²

0

0 // A′ µ′ // B′ ε′ // C ′

odhghj kame sth makr�, akrib  akoloujÐa:

kerα
µ∗ // kerβ

ε∗ // kerγ
ω ///o/o/o cokerα

µ′∗ // cokerβ
ε′∗ // cokerγ (2.7)

mèsw tou {sunektikoÔ} omomorfismoÔ ω : kerγ → cokerα.

ShmeÐwsh: N An o µ eÐnai monomorfismìc, monomorfismìc eÐnai, epÐshc kai
o µ∗.
An o ε′ eÐnai epimorfismìc, omoÐwc kai o ε′∗ eÐnai epimorfismìc.

H H akoloujÐa (2.7) eÐnai fusik , me thn ex c ènnoia: An dojeÐ èna antimeta-
jetikì di�gramma me akribeÐc seirèc:

D //

²²

E //

²²

F //

²²

0

A //

²²

bbEEEEEEEE

B //

²²

bbEEEEEEEE

C //

²²

bbEEEEEEEE

0

0 // D′ // E ′ // F ′

0 // A′ //

aaCCCCCCCC

B′ //

aaCCCCCCCC

C ′,

aaDDDDDDDD

(2.8)

èqoume mia apeikìnish apì th makr�, akrib  akoloujÐa (2.7), pou prokÔptei
apì thn mprostin  èdra tou parallhlepipèdou, sthn antÐstoiqh akoloujÐa pou
prokÔptei apì thn pÐsw èdra tou.

Qrhsimopoi¸ntac to l mma tou fidioÔ, ja deÐxoume ta jewr mata pou
akoloujoÔn.

2.5.1 Je¸rhma. An dojoÔn èna L-module A kai B′ // φ // B
ψ // // B′′ h

akrib c akoloujÐa twn L-modules B′, B, B′′, tìte up�rqei ènac {sunektikìc}
omomorfismìc ω : HomΛ(A,B′′) → ExtΛ(A,B′), ¸ste h makr� akoloujÐa:
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0 // HomΛ(A,B′)
φ∗ // HomΛ(A,B)

ψ∗ // HomΛ(A,B′′)

ω

²²

²O
²O
²O
²O
²O

ExtΛ(A, B′′) ExtΛ(A,B)
ψ∗oo ExtΛ(A,B′)

φ∗oo (2.9)

na eÐnai akrib c kai fusik .

Aut  h akoloujÐa onom�zetai Hom-Ext-akoloujÐa (sth deÔterh metablht ).

Apìdeixh: PaÐrnoume mia tuqaÐa probolik  parousÐash R // µ // P
ε // // A

tou A kai prokÔptei to epìmeno antimetajetikì di�gramma:

HomΛ(A,B′) // φ∗ //
²²

ε∗
²²

HomΛ(A,B)
ψ∗ //

²²

ε∗
²²

HomΛ(A,B′′)
²²

ε∗
²²

0 // HomΛ(P,B′) //

µ∗

²²

HomΛ(P,B) //

µ∗

²²

HomΛ(P, B′′) //

µ∗

²²

0

0 // HomΛ(R, B′) //

²²²²

HomΛ(R, B) //

²²²²

HomΛ(R, B′′)

²²²²

(2.10)

ExtΛ(A,B′)
φ∗ // ExtΛ(A,B)

ψ∗ // ExtΛ(A,B′′)

me akribeÐc grammèc kai st lec. Dhlad  h deÔterh kai h trÐth seir� eÐnai
akribeÐc, lìgw tou jewr matoc (1.3.1) kai m�lista sth deÔterh o omomorfis-
mìc ψ∗ : HomΛ(P,B) ³ HomΛ(P,B′′) eÐnai epimorfikìc, afoÔ to P eÐnai
probolikì L-module. Me efarmog  loipìn, tou l mmatoc tou fidioÔ gia tic
dÔo mesaÐec seirèc, paÐrnoume ton omomorfismì ω, kai thn akrib  akoloujÐa
(2.9), ìpou o φ∗ : HomΛ(A,B′) → HomΛ(A,B) eÐnai monomorfikìc, apì to
je¸rhma (1.3.1).

'Estw t¸ra α : A′ → A ènac L-module-omomorfismìc kai mia probolik 
parousÐash tou A′, h R′ // µ // P ′ ε // // A′ . Epeid  P ′ : probolikì, up�rqei
o omomorfismìc π : P ′ → P , pou ep�gei ton σ : R′ → R, ìpwc faÐnontai sto
antimetajetikì di�gramma:

R′ // //

σ

²² ²O
²O
²O

P ′ // //

π

²²

A′

α

²²
R // // P // // A.
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Tìte oi α, π, σ ep�goun mia apeikìnish tou diagr�mmatoc (2.10), pou anafère-
tai sthn probolik  parousÐash R // µ // P

ε // // A tou module A, sto an-
tÐstoiqo di�gramma pou anafèretai sthn R′ // µ // P ′ ε // // A′ probolik 
parousÐash tou A′. Oi dÔo mesaÐec grammèc twn dÔo diagramm�twn sqh-
matÐzoun èna di�gramma-parallhlepÐpedo san to (2.8) ki ètsi, h Hom-Ext-
akoloujÐa pou antistoiqeÐ sto A, apeikonÐzetai sth Hom-Ext-akoloujÐa pou
antistoiqeÐ sto A′. Sthn eidik  perÐptwsh pou α = 1A : A → A, sumper-
aÐnetai ìti o omomorfismìc ω den exart�tai apì thn epilog  thc probolik c
parousÐashc tou A.

An�loga an kinhjoÔme, gia touc omomorfismoÔc β′, β, β′′, pou k�noun to
akìloujo di�gramma antimetajetikì:

B′ // //

β′

²²

B // //

β

²²

B′′

β′′
²²

C ′ // // C // // C ′′,

apodeiknÔoume th fusikìthta thc (2.9). Pr�gmati, autoÐ oi omomorfismoÐ
ep�goun mia apeikìnish, pou antistoiqÐzei th Hom-Ext-akoloujÐa (2.9), pou
anafèretai sth braqeÐa, akrib  akoloujÐa B′ ½ B ³ B′′, se mia nèa Hom-
Ext-akoloujÐa tou Ðdiou tÔpou, pou ja anafèretai sth braqeÐa, akrib  akolou-
jÐa C ′ ½ C ³ C ′′. Sugkekrimèna, apì to antÐstoiqo parallhlepÐpedo-
di�gramma, pou ja prokÔyei, xeqwrÐzoume to antimetajetikì tetr�gwno:

HomΛ(A,B′′) ω //

β′′∗
²²

ExtΛ(A,B′)

β′∗
²²

HomΛ(A,C ′′) ω // ExtΛ(A,C ′)

pou dikaiologeÐ to ìti h (2.9) eÐnai fusik  akoloujÐa. ♦

Parat rhsh: O omomorfismìc ω : HomΛ(A,B′′) → ExtΛ(A,B′) eÐnai
sumbatìc me thn isodunamÐa tou (2.3.1) jewr matoc. Diìti, èstw α : A → B′′

kai π, σ oi epagìmenoi omomorfismoÐ, ¸ste to di�gramma

R // //

σ

²²

P // //

π

²²

A

α
²²

B′ // φ // B
ψ // // B′′,

na antimetatÐjetai. Apì thn kataskeu  tou ω, èqoume ω(α) = [σ] ∈ ExtΛ(A, B′).
An loipìn E eÐnai h efèlkush tou zeÔgouc (ψ, α) tìte, apì ton kajolikì
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qarakt ra thc efèlkushc, prokÔptei h apeikìnish π′ : P → E, pou oloklhr¸nei
thn antimetajetikìthta tou parak�tw diagr�mmatoc:

R // //

σ

²²

P // //

π′
²²

A

B′ // // E // //

²²

A

α

²²
B′ //

φ
// B

ψ
// // B′′.

Apì ton orismì thc fusik c isodunamÐac ξ : ExtεΛ(A, B′) ∼ // E(A,B′),
pou ègine sto je¸rhma (2.3.1), èqoume ξ([σ]) = [B′ ½ E ³ A] ∈ E(A,B′).

ProqwroÔme sth Hom-Ext-akoloujÐa (sthn pr¸th metablht ):

2.5.2 Je¸rhma. 'Estw èna L-module B kai A′ // φ // A
ψ // // A′′ mia braqeÐ-

a, akrib c akoloujÐa. Tìte ja up�rqei ènac {sunektikìc} omomorfismìc
ω : HomΛ(A′, B) → ExtΛ(A′′, B), ¸ste h makr� akoloujÐa:

0 // HomΛ(A′′, B)
ψ∗ // HomΛ(A,B)

φ∗ // HomΛ(A′, B)

ω
tt

t4t4t4t4t4t4t4t4t4

ExtΛ(A′, B) ExtΛ(A,B)
φ∗oo ExtΛ(A′′, B)

ψ∗oo (2.11)

na eÐnai akrib c kai fusik .

Apìdeixh: An antikatast soume thn om�da ExtΛ(A′′, B) me thn isìmorf 
thc ExtΛ(A′′, B), tìte èqoume to duðkì tou jewr matoc (2.5.1). ♦

Parat rhsh: Sthn apìdeixh tou prohgoÔmenou jewr matoc, h duðkìthta
mac parapèmpei sthn ènnoia twn enriptik¸n parousi�sewn. MporoÔme ìmwc na
èqoume kai �llh apìdeixh autoÔ, qrhsimopoi¸ntac mìno probolik� modules,
mèsw tou l mmatoc pou akoloujeÐ, to opoÐo ja mac qreiasteÐ kai sto epìmeno
kef�laio.

2.5.3 L mma. An dojeÐ mia braqeÐa, akrib c akoloujÐa A′ // φ // A
ψ // // A′′

kai oi probolikèc parousi�seic ε′ : P ′ ³ A′ kai ε′′ : P ′′ ³ A′′, tìte up�rqei
mia probolik  parousÐash ε : P ³ A kai omomorfismoÐ i : P ′ ½ P kai
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π : P ³ P ′′, ¸ste to akìloujo di�gramma na eÐnai antimetajetikì, me akribeÐc
seirèc:

P ′ // i //

ε′
²²²²

P
π // //

ε
²²²²

P ′′

ε′′²²²²
A′ // φ // A

ψ // // A′′,

Apìdeixh: PaÐrnoume P = P ′ ⊕ P ′′ kai èstw i : P ′ → P ′ ⊕ P ′′ h kanonik 
ènriyh, en¸ π : P ′ ⊕ P ′′ → P ′′ h kanonik  probol . OrÐzoume loipìn thn
ε : P ′⊕P ′′ → A mèsw twn sunistws¸n-sunart se¸n thc. H pr¸th sunist¸sa-
sun�rthsh eÐnai h φε′ : P ′ → A. Gia th deÔterh, thn θ : P ′′ → A, paÐrnoume
aut n pou antimetajètei, lìgw probolikìthtac tou P ′′, to trÐgwno:

P ′′
θ

ww
ε′′

²²
A

ψ
// // A′′.

Dhlad  ε =< φε′, θ >: P ′ ⊕ P ′′ → A kai pr�gmati, ε · i = φε′ (profan¸c),
en¸ ε′′π = (ψθ)π = ψ(θπ) = ψε. Tèloc, apì to l mma (1.2.4) o ε eÐnai
epimorfismìc. ♦

2.5.4 Pìrisma. To L-module A eÐnai probolikì, an kai mìno an
ExtΛ(A,B) = 0, gia k�je L-module B.

Apìdeixh: 'Estw A : probolikì. Tìte h 1A : A
∼ // A eÐnai mia probolik 

parousÐash tou A ki ètsi, ap' thn prìtash (2.3.3), prokÔptei ExtΛ(A,B) = 0,
gia k�je L-module B.

Antistrìfwc, an ExtΛ(A,B) = 0, gia ìla ta L-modules B, tìte gia k�je
braqeÐa, akrib  akoloujÐa B′ ½ B ³ B′′, h akoloujÐa

0 → HomΛ(A,B′) → HomΛ(A,B) → HomΛ(A, B′′) → 0

eÐnai akrib c. Apì to je¸rhma (1.5.9) loipìn, eÐnai A : probolikì. ♦

Me touc duðkoÔc isqurismoÔc, paÐrnoume to epìmeno pìrisma.

2.5.5 Pìrisma. To L-module B eÐnai enriptikì, an kai mìno an
ExtΛ(A,B) = 0, gia k�je L-module A.
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2.6 Upologismìc k�poiwn Ext-om�dwn
Me th bo jeia tou epìmenou l mmatoc, ja parousi�soume k�poia paradeÐg-

mata Ext-om�dwn.

2.6.1 L mma. (ı̇) ExtΛ(
⊕

i∈I Ai, B) ∼= ∏
i∈I ExtΛ(Ai, B)

(ı̇ı̇) ExtΛ(A,
∏

j∈J Bj) ∼=
∏

j∈J ExtΛ(A,Bj)

Apìdeixh:

J (ı̇) ∀i ∈ I, dialègoume mia probolik  parousÐash Ri ½ Pi ³ Ai tou
Ai. Tìte h

⊕
i Ri ½

⊕
i Pi ³

⊕
i Ai eÐnai mia probolik  parousÐash tou⊕

i Ai (to
⊕

i∈I Pi, ap' thn prìtash (1.5.8), eÐnai probolikì L-module). 'Etsi,
dhmiourgeÐtai h akrib c akoloujÐa:

HomΛ(
⊕

i

Ai, B) ½ HomΛ(
⊕

i

Ri, B) → HomΛ(
⊕

i

Ri, B) ³ ExtΛ(
⊕

i

Ai, B).

Epomènwc, lìgw kai twn isomorfism¸n pou prokÔptoun apì thn efarmog  thc
prìtashc (1.4.7), èqoume to akìloujo antimetajetikì di�gramma:

HomΛ(
⊕

i Ai, B) // //

o
²²

HomΛ(
⊕

i Pi, B) //

o
²²

HomΛ(
⊕

i Ri, B) // //

o
²²

ExtΛ(
⊕

i Ai, B)

∏
i HomΛ(Ai, B) // //

∏
i HomΛ(Pi, B) //

∏
i HomΛ(Ri, B) // //

∏
i ExtΛ(Ai, B),

to opoÐo dikaiologeÐ ton isomorfismì: ExtΛ(
⊕

i Ai, B) ∼= ∏
i ExtΛ(Ai, B).

J (ı̇ı̇) JewroÔme ∀j ∈ J , thn enriptik  parousÐash Bj ½ Ij ³ Sj tou Bj.
Opìte h

∏
j Bj ½

∏
j Ij ³

∏
j Sj eÐnai mia enriptik  parousÐash tou

∏
j Bj

(prìtash 1.5.11). 'Ara b�sei thc prìtashc (1.4.8), paÐrnoume to antimeta-
jetikì sq ma:

HomΛ(A,
∏

j Bj) // //

o
²²

HomΛ(A,
∏

j Ij) //

o
²²

HomΛ(A,
∏

j Sj) // //

o
²²

ExtΛ(A,
∏

j Bj)

∏
j HomΛ(A,Bj) // //

∏
j HomΛ(A, Ij) //

∏
i HomΛ(A, Sj) // //

∏
j ExtΛ(A,Bj),
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ap' ìpou prokÔptei:

ExtΛ(A,
∏

j

Bj) ∼= ExtΛ(A,
∏

j

Bj) ∼=
∏

j

ExtΛ(A,Bj) ∼=
∏

j

ExtΛ(A,Bj). ♦

T¸ra ja upologÐsoume thn om�da ExtZ(A,B), gia A, B peperasmèna paragìmenec
abelianèc om�dec. ExaitÐac tou prohgoÔmenou l mmatoc, arkeÐ na exet�soume
thn perÐptwsh twn kuklik¸n om�dwn A,B. Gia dieukìlunsh, ìtan anaferì-
maste se Z-modules, ja gr�foume tic om�dec Hom kai Ext qwrÐc ton upo-
deÐkth Z, dhlad  apl�, wc Hom(A,B) kai Ext(A,B).

AfoÔ Z eleÔjero Z-module, �ra kai probolikì kai apì thn prìtash (2.3.3)

Ext(Z,Z) = 0 = Ext(Z,Zq), q ∈ Z+.

Gia na upologÐsoume tic om�dec Ext(Zr,Z) kai Ext(Zr,Zq), qrhsimopoioÔme
thn probolik  parousÐash Z // µ // Z ε // // Zr tou Zr, ìpou µ o pollaplasi-
asmìc epÐ r kai ε o profan c epimorfismìc ε : ε(z) = z(modr), z ∈ Z, pou
stèlnei to k�je z ∈ Z sto upìloipo thc diaÐres c tou dia r. 'Etsi ja p�roume
thn akrib  akoloujÐa:

Hom(Zr,Z) // //

o
²²

Hom(Z,Z)
µ∗ //

o
²²

Hom(Z,Z) // //

o
²²

Ext(Zr,Z)

0 // // Z
µ∗ // Z.

H om�da Hom(Zr,Z) ∼= 0, afoÔ o monadikìc omomorfismìc apì to Zr sto
Z eÐnai o φ : φ(1Zr) = 1Z. En¸ Hom(Z,Z) ∼= Z, giatÐ ∀z ∈ Z, ∃!fz : omo-
morfismìc, ¸ste fz(1) = z kai profan¸c, autoÐ eÐnai ìloi oi omomorfismoÐ
f : Z→ Z. AfoÔ loipìn o µ∗ eÐnai, p�li, o pollaplasiasmìc epÐ r, èqoume
Ext(Zr,Z) = cokerµ∗ = Hom(Z,Z)/imµ∗ ∼= Z/rZ. Opìte

Ext(Zr,Z) ∼= Zr.

'Oson afor� thn om�da Ext(Zr,Zq), xekin¸ntac apì thn Ðdia probolik 
parousÐash Z // µ // Z ε // // Zr tou Zr, dhmiourgoÔme thn akrib  akoloujÐa:

Hom(Zr,Zq) // //

o
²²

Hom(Z,Zq)
µ∗ //

o
²²

Hom(Z,Zq) // //

o
²²

Ext(Zr,Zq)

Z(r,q)
// // Zq

µ∗ // Zq
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me ton µ∗ p�li na eÐnai o pollaplasiasmìc epÐ r, ton (r, q) na eÐnai o M.K.∆.
twn r kai q kai akìmh Hom(Z,Zq) ∼= Zq, dedomènou ìti
∀zq ∈ Zq,∃!fzq : Z→ Zq omomorfismìc, ¸ste fzq(1Z) = 1Zq + zq.
'Etsi prokÔptei Ext(Zr,Zq) = cokerµ∗ = Hom(Z,Zq)/imµ∗ ∼= Zq/rZ. 'Ara

Ext(Zr,Zq) ∼= Z(r,q).
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Kef�laio 3

PARAGWGOI SUNARTHTES

Sto kef�laio autì asqoloÔmaste me thn kaj' autì omologiak  ènnoia
twn par�gwgwn sunartht¸n, twn opoÐwn qarakthristik� paradeÐgmata eÐnai
oi ExtΛ(A,B), pou analÔsame sto prohgoÔmeno kef�laio, kai oi TorΛ(A,B).
Xekin¸ntac dhlad , apì èna prosjetikì sunartht  F : A → B metaxÔ twn
dÔo prosjetik¸n kathgori¸n A kai B, ja sqhmatÐsoume arqik�, touc arister�
par�gwgouc sunarthtèc tou, touc LnF : A → B, n ≥ 0. Proôpìjesh sthn
ìlh poreÐa mac, ja jewrhjeÐ ìti h kathgorÐa A diajètei arket� probolik�
antikeÐmena, ¸ste k�je A ∈ Ob(A) na dèqetai mia probolik  parousÐash. Sth
sunèqeia, me duðkì trìpo, ja sqhmatÐsoume touc dexi� par�gwgouc sunarthtèc
(RnF ) tou F : A → B, me proôpìjesh, t¸ra, ìti k�je A ∈ Ob(A) dèqetai
mia enriptik  parousÐash.

3.1 Sumplègmata kai
morfismoÐ sumplegm�twn

'Estw Λ ènac monadiaÐoc daktÔlioc, stajer� o Ðdioc, se ìlh thn poreÐa mac.
J' asqolhjoÔme me thn kathgorÐa MZ

Λ twn bajmwt¸n L-modules, pou thn
èqoume  dh anafèrei wc par�deigma prosjetik c kai sth sunèqeia, abelian c
kathgorÐac. JumÐzoume ìti:
N to bajmwtì (aristerì) module eÐnai oikogèneia {Mn}n∈Z apì L-modules
H o morfismìc bajmwt¸n modules φ : M → M ′ bajmoÔ p, eÐnai oikogèneia

module-omomorfism¸n {φn : Mn → M ′
n+p}n∈Z.
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3.1.1 Orismìc. 'Ena alusswtì sÔmplegma (chain complex)
C = {Cn, ∂n} epÐ tou Λ, eÐnai èna antikeÐmeno thc kathgorÐac MZ

Λ, mazÐ m' èna
endomorfismì ∂ : C → C bajmoÔ −1, ìpou ∂∂ = 0.

Dhlad , ìpwc deÐqnei to sq ma:

C : . . . // Cn+1
∂n+1 // Cn

∂n // Cn−1
∂n−1 // . . . ,

dÐnontai mia oikogèneia {Cn}n∈Z apì L-modules kai mia L-module omomorfis-
m¸n: {∂n : Cn → Cn−1}n∈Z, ¸ste

∂n∂n+1 = 0.

O morfismìc ∂ (ìpwc kai oi sunist¸sec tou ∂n) onom�zetai diaforikì
(  oriakìc telest c).

3.1.2 Orismìc. Morfismìc sumplegm�twn (chain map)
φ : C → D eÐnai ènac morfismìc twn alusswt¸n sumplegm�twn C kai D
bajmoÔ 0, sthn kathgorÐa MZ

Λ twn bajmwt¸n modules, ¸ste

φ∂ = ∂̃φ

ìpou me ∂̃ dhl¸noume to diaforikì tou sumplègmatoc D.

'Etsi, morfismìc sumplegm�twn φ eÐnai oikogèneia omomorfism¸n {φn : Cn →
Dn}n∈Z, ¸ste to akìloujo di�gramma na eÐnai antimetajetikì (φn−1∂n =

∂̃nφn, ∀n ∈ Z):

Cn
∂n //

φn

²²

Cn−1

φn−1

²²
Dn

∂̃n

// Dn−1 (3.1)

Gia aplopoÐhsh, ja paraleÐpoume touc upo-deÐktec twn module-omomorfism¸n
∂n kai φn, ìpou ennooÔntai xek�jara. Gia par�deigma, gia na ekfr�soume
thn antimetajetikìthta tou diagr�mmatoc (3.1), gr�foume apl� φ∂ = ∂̃φ.
Kai m�lista, paraleÐpoume kai to shmeiologikì diaqwrismì ∂̃ kai ∂, gia ta
diaforik� diaforetik¸n sumplegm�twn, gr�fontac gia ìla to sÔmbolo ∂.
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'Ena sÔmplegma B = {Bn}n∈Z eÐnai upo-sÔmplegma enìc sumplèg-
matoc C = {Cn}n∈Z, an k�je Bn eÐnai upo-module tou Cn kai akìma, to
diaforikì tou B eÐnai periorismìc tou diaforikoÔ tou C. Oi egkleismoÐ
in : Bn → Cn dhlad , apartÐzoun èna morfismì sumplegm�twn: B → C.
S' aut  thn perÐptwsh, mporoÔme na sullèxoume ta module-phlÐka Cn/Bn s'
èna sÔmplegma:

C/B : . . . → Cn+1/Bn+1 → Cn/Bn → Cn−1/Bn−1 → . . . ,

pou to onom�zoume sÔmplegma-phlÐko.

'Estw, t¸ra, f : B → C ènac morfismìc sumplegm�twn. Tìte h oikogèneia
twn pur nwn twn fn, sqhmatÐzoun to sÔmplegma kerf = {ker(fn)}n∈Z,
upo-sÔmplegma tou B kai paromoÐwc, oi sun-pur nec to sÔmplegma-phlÐko
cokerf = {coker(fn)}n∈Z, pou eÐnai upo-sÔmplegma tou C.

ShmeÐwsh: H kathgorÐa Ch(mod − Λ) = Ch twn alusswt¸n sumpleg-
m�twn kai twn morfism¸n metaxÔ touc, apoteleÐ mia abelian  upo-kathgorÐa
thc abelian c kathgorÐac MZ

Λ twn bajmwt¸n L-modules. Diìti:

• a) EÐnai prosjetik  upo-kathgorÐa:

Perièqei wc mhdenikì stoiqeÐo, to {0-sÔmplegma}, twn 0-modules kai
0-sunart sewn. Akìma, an dojeÐ mia oikogèneia {Aα = {Aα,n}, n ∈ Z} aluss-
wt¸n sumplegm�twn epÐ tou Λ, to ginìmeno

∏
Aα = {∏n Aα,n}, n ∈ Z} kai to

sun-ginìmeno, dhlad  to eujÔ �jroisma
⊕

Aα = {⊕nAα,n}, n ∈ Z}, up�rqoun
mèsa sthn Ch kai orÐzontai kat� bajmì n ta diaforik�:∏

∂α :
∏

α Aα,n →
∏

α Aα,n−1 kai
⊕

∂α :
⊕

α Aα,n →
⊕

α Aα,n−1

antÐstoiqa. Aut� arkoÔn na k�noun thn Ch prosjetik  kathgorÐa.

• b) EÐnai abelian  kathgorÐa:

J (ı̇) K�je morfismìc sumplegm�twn φ = {φn} èqei pur na kerφ = {kerφn}n∈Z
kai sun-pur na cokerφ = {cokerφn}n∈Z.

J (ı̇ı̇) An φ : C → D ènac morfismìc sumplegm�twn kai
φ : monomorfismìc ⇐⇒ ∀n ∈ Z, φn : Cn → Dn: monomorfismìc,
pr�gma pou shmaÐnei ìti to C eÐnai isìmorfo me èna upo-sÔmplegma tou D.
'Ara o φ eÐnai isomorfikìc me ton pur na tou D → D/C, pou eÐnai sun-pur nac
tou φ. Parìmoia, an φ epimorfismìc, tìte eÐnai isomorfikìc me to sun-pur na
tou morfismoÔ sumplegm�twn kerφ → C.
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J (ı̇ı̇ı̇) K�je φ = {φn}, ekfr�zetai wc sÔnjesh enìc epimorfismoÔ ki enìc
monomorfismoÔ, afoÔ autì isqÔei gia k�je φn. ♦

EpÐshc, an F : MZ
Λ → MZ

Λ′ ènac prosjetikìc sunalloÐwtoc sunartht c kai
C = {Cn, ∂n} èna alusswtì sÔmplegma epÐ tou Λ, tìte to FC = {FCn, F∂n}
eÐnai alusswtì sÔmplegma epÐ tou Λ′ kai o F eis�gei èna sunartht  sthn
kathgorÐa Ch(mod− Λ) = Ch twn alusswt¸n sumplegm�twn.

66



3.2 OmologÐec kai sun -omologÐec
Eis�goume, t¸ra, tic pio shmantikèc ènnoiec, thc omologÐac kai

sun-omologÐac. 'Estw C = {Cn, ∂n} èna alusswtì sÔmplegma, dhlad 

C : . . . // Cn+1
∂n+1 // Cn

∂n // Cn−1
∂n−1 // . . . .

H sunj kh ∂∂ = 0 sunep�getai ìti im∂n+1 ⊆ ker∂n, n ∈ Z.

3.2.1 Orismìc. SusqetÐzoume me to alusswtì sÔmplegma C, to bajmwtì
module

H(C) = {Hn(C), Hn(C) = ker∂n/im∂n+1, n ∈ Z}

To Hn(C) onom�zetai n-ostì omologiakì module tou C kai to H(C)
onom�zetai omologiakì module tou C. An Λ = Z tìte mil�me gia thn
(n-ost ) omologiak  om�da tou C.

'Enac morfismìc sumplegm�twn φ : C → D, ìpwc deÐqnei kai to sq ma
(3.1), ep�gei ènan kal� orismèno morfismì bajmoÔ 0, ton

H(φ) = φ∗ : H(C) → H(D),

twn bajmwt¸n modules. EÐnai fanerì ìti o H(−) gÐnetai ènac sunartht c, o
omologiakìc sunartht c, apì thn kathgorÐa Ch(mod− Λ) twn aluss-
wt¸n sumplegm�twn epÐ tou Λ, sthn kathgorÐa MZ

Λ twn bajmwt¸n L-modules.
EpÐshc, k�je Hn(−) eÐnai ènac sunartht c mèsa sthn kathgorÐa MZ

Λ.

ShmeÐwsh: N O sunartht c Hn(−) eÐnai prosjetikìc, kaj¸c diathreÐ ta
ajroÐsmata. Autì prokÔptei apì to parak�tw di�gramma:

C : . . . // Cn+1
∂n+1 //

iCn+1

²²

Cn
∂n //

iCn

²²

Cn−1
∂n−1 //

iCn−1

²²

. . .

C
⊕

D : . . . // Cn+1 ⊕Dn+1
{∂,∂} // Cn ⊕Dn

{∂n,∂n} // Cn−1 ⊕ Cn−1
{∂,∂} // . . .

D : . . . // Dn+1 ∂n+1

//

iDn+1

OO

Dn ∂n

//

iDn

OO

Dn−1 ∂n−1

//

iDn−1

OO

. . .
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kai apì tic sqèseic:

Hn(C⊕D) = ker{∂n, ∂n}/im{∂n+1, ∂n+1}

= ker∂n/im∂n+1 ⊕ ker∂n/im∂n+1 = Hn(C)⊕Hn(D). ♦

Suqn�, eidik� stic efarmogèc sthn topologÐa, onom�zoume:

• ta stoiqeÐa tou Cn : n-alussÐdec,

• ta stoiqeÐa tou ker∂n : n-kÔklouc,

• ta stoiqeÐa tou im∂n+1 : n-sÔnora,

• dÔo kÔklouc, pou kajorÐzoun to Ðdio stoiqeÐo tou Hn(C) : omìloga,

• an c ∈ ker∂n, to stoiqeÐo [c] ∈ Hn(C) : omologiak  kl�sh tou c

kai shmei¸noume:

¥ τoν ker∂n : Zn = Zn(C)

¥ τo im∂n+1 : Bn = Bn(C).

EÐnai loipìn

∂∂ = 0 =⇒ 0 ⊆ Bn ⊆ Zn ⊆ Cn, ∀n ∈ Z kai

Hn(C) = Zn/Bn: upo-phlÐko tou Cn.

DieukrinÐzetai ìti an dojeÐ èna alusswtì sÔmplegma C, mporoÔme na
kataskeu�soume èna nèo alusswtì sÔmplegma C′, antikajist¸ntac k�poia  
kai ìla ta diaforik� ∂n : Cn → Cn−1 apì ta antÐjet� touc −∂n : Cn → Cn−1.
'Opwc faÐnetai ki apì to sq ma, pou akoloujeÐ, C ∼= C′:

. . . // Cn+1
∂n+1 //

φn+1 o
²²

Cn
∂n //

φn o
²²

Cn−1
∂n−1 //

φn−1 o
²²

. . .

. . . // C ′
n+1

∂′n+1 // C ′
n

∂′n // C ′
n−1

∂′n−1 // . . . ,
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ìpou ∂′n(cn) = ∂n(cn)   ∂′n(cn) = −∂n(cn) kai an�loga, φn(cn) = ±cn. Pro-
fan¸c, o φ = {φn}n∈Z eÐnai isomorfismìc sumplegm�twn kai

Z(C) = Z(C′), B(C) = B(C′) =⇒ H(C) = H(C′).

'Etsi, sthn omologiak  jewrÐa twn alusswt¸n sumplegm�twn mporoÔme eleÔ-
jera, an dieukolÔnei, n' all�zoume ta prìshma k�poiwn apì ta diaforik�.

ProqwroÔme t¸ra, ston orismì kai se k�poiec dieukrinÐseic se ì,ti afor�
th duðk  ènnoia, dhlad  twn sun-alusswt¸n sumplegm�twn.
3.2.2 Orismìc. I 'Ena sun-alusswtì sÔmplegma (cochain com-
plex) eÐnai èna bajmwtì module C = {Cn, δn} thc kathgorÐac MZ

Λ, me èna
endomorfismì δ : C → C bajmoÔ +1, ìpou δδ = 0. 'Eqoume dhlad :

C : . . . // Cn−1 δn−1
// Cn δn

// Cn+1 δn+1
// . . . .

I O δ, p�li, onom�zetai diaforikì (  sunoriakìc telest c).
I MorfismoÐ apì sun-alusswt� sumplègmata onom�zontai morfismoÐ

sun-alusswt¸n sumplegm�twn (cochain maps) kai orÐzontai kat�
an�logo trìpo me touc morfismoÔc sumplegm�twn.

3.2.3 Orismìc. An dojeÐ èna sun-alusswtì sÔmplegma C = {Cn, δn}, orÐ-
zoume to sun-omologiakì tou module:

H(C) = {Hn(C), Hn(C) = kerδn/imδn−1, n ∈ Z.}

OmoÐwc o H(−) gÐnetai ènac sunartht c, o sun-omologiakìc sunartht -
c. Sthn perÐptwsh tou sun-alusswtoÔ sumplègmatoc, mil�me gia sun-kÔklouc,
sun-sÔnora, sunomìlogouc sun-kÔklouc kai sun-omologiakèc
kl�seic. Dhlad 

Zn(C) = kerδn, Bn(C) = imδn−1 ⊆ Cn, Hn(C) = Zn(C)/Bn(C).

Parat rhsh: H diafor� metaxÔ sun-alusswt¸n kai alusswt¸n sumpleg-
m�twn eÐnai arket� tupik , gia n' asqolhjoÔme me tic jewrÐec touc xeqwrist�.
Kai pr�gmati, an dojeÐ èna alusswtì sÔmplegma C = {Cn, ∂n}, mporoÔme na
sqhmatÐsoume to sun-alusswtì sÔmplegma D = {Dn, δn}, jètontac Dn =
C−n kai δn = ∂−n:

. . . // C−n+1
∂−n+1 // C−n

∂−n // C−n−1
∂−n−1 // . . .

. . . // Dn−1
δn−1=∂−n+1 // Dn

δn=∂−n // Dn+1
δn+1=∂−n−1 // . . .
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Antistrìfwc, an dojeÐ èna sun-alusswtì sÔmplegma, me thn Ðdia mèjodo
paÐrnoume to antÐstoiqo alusswtì sÔmplegma.

Epomènwc kai h kathgorÐa twn sun-alusswt¸n sumplegm�twn eÐnai a-
belian .

ParadeÐgmata (sun-)alusswt¸n sumplegm�twn:

¨ (ı̇) 'Estw A,B dÔo Λ−modules kai R // µ // P
ε // // A mia probo-

lik  parousÐash tou A. OrÐzoume èna sun-alusswtì sÔmplegma C abelian¸n
om�dwn, wc ex c:

0 // HomΛ(P, B)
µ∗ // HomΛ(R, B) // 0

0 // C0 δ0
// C1 // 0

ìpou Cn = 0 gia n 6= 0, 1. Epeid , ìmwc, h akoloujÐa:

0 // HomΛ(A,B) // ε∗ // HomΛ(P,B)
µ∗ // HomΛ(R, B) eÐnai akrib c, è-

qoume

=⇒ kerµ∗ = imε∗ = HomΛ(A,B)

=⇒





• H0(C) = kerδ0/imδ−1 = kerµ∗/0 = HomΛ(A,B)/0

• H1(C) = kerδ1/imδ0 = HomΛ(R,B)/imµ∗ = cokerµ∗

• Hn(C) = kerδn/imδn−1 = 0/0, n 6= 0, 1.
Dhlad 

• H0(C) = HomΛ(A,B)

• H1(C) = ExtΛ(A,B)

• Hn(C) = 0, n 6= 0, 1.

Sunep¸c paÐrnoume tic om�dec HomΛ(A,B) kai ExtΛ(A,B) wc sun-omologiakèc
om�dec enìc kat�llhlou sun-alusswtoÔ sumplègmatoc C.

¨ (ı̇ı̇) An A,B dÔo Λ−modules kai B // κ // I
ν // // S mia enriptik 

parousÐash tou B, dhmiourgoÔme to sun-alusswtì sÔmplegma C′ abelian¸n
om�dwn:

0 // HomΛ(A, I)
ν∗ // HomΛ(A, S) // 0

0 // (C ′)0 δ0
// (C ′)1 // 0
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ìpou (C ′)n = 0 gia n 6= 0, 1. H akoloujÐa:
0 // HomΛ(A,B) // κ∗ // HomΛ(A, I)

ν∗ // HomΛ(A, S) eÐnai akrib c

=⇒ kerν∗ = imk∗ = HomΛ(A,B)

=⇒





• H0(C′) = kerδ0/imδ−1 = kerν∗/0 = HomΛ(A,B)/0

• H1(C′) = kerδ1/imδ0 = HomΛ(A, S)/imν∗ = cokerν∗
• kerδn = 0, n 6= 0, 1.

Dhlad 
• H0(C′) = HomΛ(A,B)

• H1(C′) = ExtΛ(A,B)

• Hn(C′) = 0, n 6= 0, 1.

3.2.4 Orismìc. I (ı̇) 'Enac morfismìc sumplegm�twn C → D onom�zetai
asjen c isomorfismìc (oi Bourbaki qrhsimopoioÔn ton ìro omologis-
mìc), an oi morfismoÐ Hn(C) → Hn(D) eÐnai ìloi isomorfismoÐ.

I (ı̇ı̇) 'Ena alusswtì sÔmplegma C lègetai fragmèno an Cn 6= 0
gia peperasmèno arijmì n ∈ Z.

I (ı̇ı̇ı̇) An Cn = 0,∀n ∈ Z, ektìc an a ≤ n ≤ b, lème ìti to sÔmplegma
èqei ìrisma sto [a, b].

I (ı̇v) 'Ena sÔmplegma C eÐnai fragmèno �nw (antÐstoiqa k�tw) an
up�rqei èna fr�gma b (antÐstoiqa a) ¸ste Cn = 0, gia ìla ta n > b
(antÐstoiqa n < a).

Ta fragmèna (antÐstoiqa: �nw   k�tw fragmèna) alusswt� sumplègmata
sqhmatÐzoun upo-kathgorÐec thc kathgorÐac twn alusswt¸n sumplegm�twn
Ch(mod− Λ), tic Chb (antÐstoiqa: Ch−,Ch+).

H upo-kathgorÐa Ch≥0 twn mh arnhtik¸n sumplegm�twn (dhlad 
aut¸n pou Cn = 0, ∀n < 0) eÐnai mia �llh shmantik  upo-kathgorÐa thc
Ch(mod− Λ).

I An�loga, èqoume touc orismoÔc gia ta fragmèna sun-alusswt�
sumplègmata. Profan¸c isqÔei ìti:

C = {Cn} : fragmèno �nw (k�tw) ⇐⇒ D = {C−n} : fragmèno k�tw (�nw)
C : fragmèno ⇐⇒ D : fragmèno.

Oi antÐstoiqec kathgorÐec eÐnai Chb, Ch−, Ch+, Ch≥0.
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3.3 Makr� akrib c
(sun-)omologiak  akoloujÐa

'Eqoume  dh tonÐsei ìti h kathgorÐa twn (sun-)alusswt¸n sumplegm�twn
eÐnai abelian . Sunep¸c èqei nìhma na mil�me gia braqeÐec, akribeÐc akoloujÐec
(sun-)alusswt¸n sumplegm�twn.

Profan¸c, h akoloujÐa A // φ // B
ψ // // C twn (sun-)alusswt¸n sumpleg-

m�twn A = {An}n∈Z,B = {Bn}n∈Z,C = {Cn}n∈Z eÐnai akrib c, an kai mìno

an 0 // An
// φn // Bn

ψn // // Cn
// 0 eÐnai akrib c, ∀n ∈ Z.

3.3.1 Je¸rhma. An dojeÐ mia braqeÐa akrib c akoloujÐa alusswt¸n ( 

sun-alusswt¸n) sumplegm�twn A // φ // B
ψ // // C , up�rqei ènac morfis-

mìc bajmoÔ −1 (  +1) bajmwt¸n modules ω : H(C) → H(A), ¸ste to
trÐgwno pou akoloujeÐ na eÐnai akribèc:

H(A)
φ∗ // H(B)

ψ∗zzttttttttt

H(C).

ω

dd

O ω onom�zetai {sundetikìc omomorfismìc}.

Sugkekrimèna, to je¸rhma isqurÐzetai ìti prokÔptoun makrèc akribeÐc akolou-
jÐec. Sthn perÐptwsh twn alusswt¸n sumplegm�twn h ex c:

. . . ωn+1// Hn(A)
φ∗ // Hn(B)

ψ∗ // Hn(C)
ωn // Hn−1(A) // . . . , (3.2)

en¸ sthn perÐptwsh twn sun-alusswt¸n sumplegm�twn h akoloujÐa:

. . . ωn−1
// Hn(A)

φ∗ // Hn(B)
ψ∗ // Hn(C) ωn

// Hn+1(A) // . . . . (3.3)

Pr¸ta apodeiknÔoume to epìmeno l mma.

3.3.2 L mma. O ∂n : Cn → Cn−1 ep�gei ton ∂̃n : coker∂n+1 → ker∂n−1 me
ker∂̃n = Hn(C) kai coker∂̃n = Hn−1(C).
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Apìdeixh l mmatoc: AfoÔ im∂n+1 ⊆ ker∂n kai im∂n ⊆ ker∂n−1, to
diaforikì ∂n ep�gei mia sun�rthsh me ton ex c trìpo:

coker∂n+1 = Cn/im∂n+1
∂̃n // // Cn/ker∂n

∼= im∂n ⊆ ker∂n−1.

An x ∈ ker∂̃n ⇐⇒ x ∈ coker∂n+1 = Cn/im∂n+1, ∂̃n(x) = 0
⇐⇒ x ∈ ker∂n ⊆ Cn (kai epeid  x ∈ Cn/im∂n+1,)
⇐⇒ x ∈ ker∂n/im∂n+1.

'Etsi, prokÔptei ìti

ker∂̃n = ker∂n/im∂n+1 = Hn(C)

kai akìma

coker∂̃n(= ker∂n−1/im∂̃n) = ker∂n−1/im∂n = Hn−1(C). ♦

Apìdeixh jewr matoc: Ja d¸soume thn apìdeixh gia alusswt� sumplèg-
mata (gia sun-alusswt� sumplègmata h apìdeixh eÐnai an�logh). Arqik�,
jewroÔme to di�gramma:

0 // ker∂n
//

²²

²²

ker∂n
//

²²

²²

ker∂n²²

²²
An

// φn //

∂n

²²

Bn
ψn // //

∂n

²²

Cn

∂n

²²
An−1

// φn−1 //

²²²²

Bn−1
ψn−1 // //

²²²²

Cn−1

²²²²
coker∂n

// coker∂n
// coker∂n

// 0

pou antimetatÐjetai kai gia to opoÐo, apì to l mma tou fidioÔ (1.2.7), èqoume
ìti h akoloujÐa sthn koruf  kai h �llh sth b�sh eÐnai akribeÐc. 'Etsi, lìgw
tou prohgoÔmenou l mmatoc, èqoume to antimetajetikì di�gramma:

Hn(A) = ker∂̃n
//

²²

²²

Hn(B) = ker∂̃n
//

²²

²²

Hn(C) = ker∂̃n²²

²²
coker∂n+1

//

∂̃n

²² ²O
²O
²O

coker∂n+1
//

∂̃n

²² ²O
²O
²O

coker∂n+1 −→ 0

∂̃n

²² ²O
²O
²O

0 −→ ker∂n−1
//

²²²²

ker∂n−1
//

²²²²

ker∂n−1

²²²²

Hn−1(A) = coker∂̃n
// Hn−1(B) = coker∂̃n

// Hn−1(C) = coker∂̃n
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kai me efarmog  p�li tou l mmatoc tou fidioÔ (1.2.7), paÐrnoume to morfismì:

ωn : Hn(C) −→ Hn−1(A),

pou k�nei akrib  th makr� akoloujÐa:

. . . ωn+1// Hn(A)
φ∗ // Hn(B)

ψ∗ // Hn(C)
ωn // Hn−1(A) // . . . ♦

Parat rhsh: 'Opwc sto l mma tou fidioÔ o sundetikìc morfismìc ω, ètsi
ki ed¸, isodÔnama, o ωn kajorÐzetai me thn akìloujh diadikasÐa:

'Estw c ∈ Cn ènac antiprìswpoc - kÔkloc thc omologiak c kl�shc
[c] ∈ Hn(C). 'Opwc faÐnetai kai sto akìloujo antimetajetikì sq ma:

... // φn+1 //

∂n+1

²²

...
ψn+1 // //

∂n+1

²²

...
∂n+1

²²
An

// φn //

∂n

²²

Bn(3 b)
ψn // //

∂n

²²

Cn(3 c)

∂n

²²
(a ∈)An−1

//φn−1 //

∂n−1

²²

Bn−1
ψn−1 // //

∂n−1

²²

Cn−1

∂n−1

²²
... // φn−2 // ...

ψn−2 // // ...
epeid  ψn: epimorfismìc, dialègoume b ∈ Bn, me ψ(b) = c. Tìte èqoume:

ψ∂b = ∂ψb = ∂c = 0 =⇒ ∂b ∈ kerψ = imφ

=⇒ ∃a ∈ An−1, φa = ∂b =⇒ φ∂a = ∂φa = ∂∂b = 0.

'Etsi, o a eÐnai ènac kÔkloc tou Zn−1(A) kai wc ek toÔtou, orÐzei èna
stoiqeÐo [a] ∈ Hn−1(A). O morfismìc loipìn ωn dÐnetai apì ton tÔpo:

ωn[c] = [a].

ShmeÐwsh: UpogrammÐzoume ìti h fusikìthta thc akoloujÐac ”ker−coker”

tou l mmatoc (1.2.7) (tou fidioÔ), sunep�getai th fusikìthta twn akolouji¸n
(3.2) kai (3.3) tou pio p�nw jewr matoc. Autì shmaÐnei ìti èna antimetajetikì
di�gramma alusswt¸n (  sun-alusswt¸n) sumplegm�twn:

A // φ //

²²

B
ψ // //

²²

C

²²
A′ // φ′ // B′ ψ′ // // C′
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me akribeÐc seirèc antistoiqÐzetai, mèsw thc makr�c (sun-)omologiak c akolou-
jÐac, sto antimetajetikì di�gramma:

. . . ωn+1//

²²

Hn(A)
φ∗ //

²²

Hn(B)
ψ∗ //

²²

Hn(C)
ωn //

²²

Hn−1(A) //

²²

. . .

²². . .
ω′n+1// Hn(A′)

φ′∗ // Hn(B′)
ψ′∗ // Hn(C′)

ω′n // Hn−1(A
′) // . . . ,

,

  sto akìloujo antimetajetikì, gia thn perÐptwsh sun-alusswt¸n sumpleg-
m�twn:

. . . ωn−1
//

²²

Hn(A)
φ∗ //

²²

Hn(B)
ψ∗ //

²²

Hn(C) ωn
//

²²

Hn+1(A) //

²²

. . .

²². . . ω′n−1
// Hn(A′)

φ′∗ // Hn(B′)
ψ′∗ // Hn(C′)

ω′n // Hn+1(A′) // . . .

ParadeÐgmata: ¨ (ı̇)'Estw R // µ // F
ε // // A mia eleÔjerh parousÐ-

ash miac abelian c om�dac A (dhlad  oi F kai R eÐnai eleÔjerec abelianèc

om�dec) kai B′ // β′ // B
β′′ // // B′′ mia braqeÐa, akrib c akoloujÐa twn a-

belian¸n om�dwn B′, B, B′′. DhmiourgoÔntai, ètsi ta sun-alusswt� sumplèg-
mata:

C′ :

β′∗
²²
²O
²O
²O

0 −→ HomΛ(F,B′)
µ∗ //

²²

β′∗
²²

HomΛ(R, B′) −→ 0
²²

β′∗
²²

C :

β′′∗
²²
²O
²O
²O

0 −→ HomΛ(F,B)
µ∗ //

β′′∗ ²²²²

HomΛ(R, B) −→ 0

β′′∗²²²²
C′′ : 0 −→ HomΛ(F, B′′)

µ∗ // HomΛ(R, B′′) −→ 0.

Epeid  loipìn, oi F,R eÐnai eleÔjerec, abelianèc om�dec, èpetai ìti kai oi dÔo
st lec tou diagr�mmatoc eÐnai braqeÐec, akribeÐc akoloujÐec, epomènwc èqoume

th braqeÐa, akrib  akoloujÐa sun-alusswt¸n sumplegm�twn: C′ // β′∗ // C
β′′∗ // // C′′ .

Apì to je¸rhma (3.3.1) prokÔptei h makr�, akrib c akoloujÐa sun-omolìgwn:

. . . ωn−1
// Hn(C′)

β′∗ // Hn(C)
β′′∗ // Hn(C′′) ωn

// Hn+1(C′) // Hn+1(C) −→ . . . .
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ìpou N Hn(C) =
kerµ∗

im[0→HomΛ(F,B)] = kerµ∗

= im[HomΛ(A,B) ½ HomΛ(F, B)] = HomΛ(A,B),

kai H Hn+1(C) =
ker[HomΛ(R,B)→0]

imµ∗ =
HomΛ(R,B)

imµ∗

= cokerµ∗ = ExtΛ(A,B).

An�loga, prokÔptoun ta Hn(C′), Hn(C′′) kai ta Hn+1(C′), Hn+1(C′′).
'Etsi, katal goume sthn akoloujÐa:

0 // HomΛ(A,B′)
β′∗ // HomΛ(A,B)

β′′∗ // HomΛ(A,B′′)

ω

²²

²O
²O
²O
²O
²O

0 ExtΛ(A,B′′)oo ExtΛ(A,B)
β′′∗oo ExtΛ(A,B′)

β′∗oo

pou eÐnai h makr�, akrib c akoloujÐa tou jewr matoc (2.5.1).

¨ (ı̇ı̇) An kinhjoÔme me ton Ðdio trìpo, gia th braqeÐa, akrib  akoloujÐa twn
abelian¸n om�dwn A′, A,A′′: A′ // α′ // A

α′′ // // A′′, dialègontac, tautìqron-
a, mia enriptik  parousÐash thc abelian c om�dac B, katal goume sth makr�,
akrib  akoloujÐa:

0 // HomΛ(A′′, B) α′′∗ // HomΛ(A,B) α′∗ // HomΛ(A′, B)

ω

²²

²O
²O
²O
²O
²O

0 ExtΛ(A′, B)oo ExtΛ(A,B)α′∗oo ExtΛ(A′′, B)α′′∗oo

tou jewr matoc (2.5.2).
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3.4 'Ennoiec omotopÐac
An dojoÔn dÔo alusswt� sumplègmata C kai D kai dÔo morfismoÐ sumpleg-

m�twn φ, ψ : C −→ D, up�rqei èna shmantikì er¸thma, gia to pìte kai k�tw
apì poiec sunj kec, oi φ kai ψ ep�goun ton Ðdio omomorfismì metaxÔ twn
H(C) kai H(D).

Gia th melèth tou sugkekrimènou jèmatoc, eis�goume thn ènnoia thc omo-
topÐac. Dhlad  perigr�foume mÐa sqèsh pou sundèei touc morfismoÔc φ, ψ,
ikan  ¸ste na isqÔei:

φ∗ = ψ∗ : H(C) −→ H(D).

An kai h sqèsh aut  den eÐnai anagkaÐa ¸ste na d¸sei φ∗ = ψ∗, �ra den
apant� pl rwc sto prohgoÔmeno er¸thma, en toÔtoic, antapokrÐnetai polÔ
kal� stouc sunarthtèc sumplegm�twn kai wc ek toÔtou, eÐnai polÔ qr simh
wc ènnoia. Autì, diìti stic perissìterec apì tic peript¸seic pou zht�me na
deÐxoume ìti φ∗ = ψ∗ (kai m�lista s' autèc pou ja mac apasqol soun), toÔto
prokÔptei wc sunèpeia thc Ôparxhc miac omotopÐac.

Ed¸ j' asqolhjoÔme me thn perÐptwsh twn alusswt¸n sumplegm�twn, en¸
an�logh eÐnai h poreÐa gia ta sun-sumplègmata.

3.4.1 Orismìc. OmotopÐa Σ : φ → ψ metaxÔ dÔo morfism¸n sumpleg-
m�twn φ, ψ : C → D eÐnai ènac morfismìc bajmoÔ +1, twn bajmwt¸n modules
C kai D, dhlad  Σ : C → D, tètoiwn ¸ste

ψ − φ = ∂Σ + Σ∂.

To opoÐo shmaÐnei ìti

∀n ∈ Z, isqÔei

[ψn − φn = ∂n+1Σn + Σn−1∂n] : Cn −→ Dn

gia to di�gramma (ìqi genik� antimetajetikì), pou akoloujeÐ:

. . . // Cn+1
∂n+1 //

Σn+1

²² ²O
²O
²O ψn+1

((QQQQQQQQQQQQQ

φn+1 ((QQQQQQQQQQQQQ Cn
∂n //

Σn

²² ²O
²O
²O ψn

((PPPPPPPPPPPPPPPP

φn
((PPPPPPPPPPPPPPPP Cn−1

∂n−1 //

Σn−1

²² ²O
²O
²O ψn−1

((PPPPPPPPPPPPP

φn−1 ((PPPPPPPPPPPPP Cn−2
∂n−2 //

Σn−2

²² ²O
²O
²O

. . .

. . . // Dn+2 ∂n+2

// Dn+1 ∂n+1

// Dn ∂n

// Dn−1 ∂n−1

// . . .
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An up�rqei mia tètoia omotopÐa Σ : φ → ψ, lème ìti oi morfismoÐ φ kai
ψ eÐnai omotopikoÐ kai gr�foume φ ' ψ.

H ousiastik  qrhsimìthta twn omotopi¸n dÐnetai sthn epìmenh prìtash.

3.4.2 Prìtash. An dÔo morfismoÐ φ, ψ dÔo alusswt¸n sumplegm�twn C,D
eÐnai omotopikoÐ, tìte oi morfismoÐ pou autoÐ ep�goun metaxÔ twn antÐstoiqwn
omologi¸n, eÐnai Ðsoi. Dhlad 

φ ' ψ : C −→ D =⇒ H(φ) = H(ψ) : H(C) −→ H(D).

Apìdeixh: 'Estw [z] ∈ Hn(C) ènac kÔkloc tou Cn, dhlad  z ∈ ker∂n.

Tìte ∀n ∈ Z, èqoume:
φ ' ψ =⇒ ∃Σ : φ → ψ (omotopÐa)

=⇒ (ψn − φn)z = ∂n+1Σnz + Σn−1∂nz
=⇒ (ψn − φn)z = ∂n+1Σnz (diìti ∂nz = 0)
=⇒ ψn(z)− φn(z) ∈ im∂n+1 (eÐnai èna sÔnoro sto Dn)
=⇒ [ψn(z)] = [φn(z)] (∈ Hn(D))
=⇒ ψn(z), φn(z): omìloga. Opìte

H(φ) = H(ψ). ♦

ShmeÐwsh: Sthn eidik  perÐptwsh pou φ = 0 : C → C kai ψ = 1 :
C → C, h omotopÐa Σ : 0 → 1 onom�zetai sustellìmenh omotopÐa
gia to alusswtì sÔmplegma C. Oi omomorfismoÐ Σn : Cn → Cn+1 aut c
thc omotopÐac, ikanopoioÔn th sqèsh: ∂n+1Σn + Σn−1∂n = 1, n ∈ Z. Lìgw
thc prohgoÔmenhc prìtashc (3.4.2), h Ôparxh miac sustellìmenhc omotopÐac
sunep�getai ìti

H(C) = 0 =⇒ Hn(C) = 0,∀n ∈ Z
=⇒ ker∂n/im∂n+1 = 0
=⇒ ker∂n = im∂n+1,∀n ∈ Z
=⇒ C : akribèc.

Dhlad , me thn kataskeu  miac sustellìmenhc omotopÐac Σ : 0 → 1, epitugq�ne-
tai h dhmiourgÐa akriboÔc alusswtoÔ sumplègmatoc.

J' anafèroume sth sunèqeia k�poia sumper�smata pou ex�gontai apì thn
omotopik  sqèsh.

3.4.3 L mma. H omotopik  sqèsh ” ' ” eÐnai sqèsh isodunamÐac.
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Apìdeixh: H sqèsh omotopÐac ” ' ” eÐnai:
J (ı̇) Autopaj c: ∀ψ ∈ MZ

Λ(C,D), ∃Σ = 0 : C → D,
ψ − ψ = ∂Σ + Σ∂ = 0 + 0 =⇒ ψ ' ψ.

J (ı̇ı̇) Summetrik : ∀φ, ψ ∈ MZ
Λ(C,D), me φ ' ψ

=⇒ ∃Σ : C → D, ψ − φ = ∂Σ + Σ∂
=⇒ ∃Σ′ = −Σ : C → D, φ− ψ = ∂(−Σ) + (−Σ)∂ =⇒ ψ ' φ.

J (ı̇ı̇ı̇) Metabatik : ∀φ, ψ, τ ∈ MZ
Λ(C,D), ìpou φ ' ψ kai ψ ' τ

=⇒ ∃Σ,T : C → D, ψ − φ = ∂Σ + Σ∂ kai τ − ψ = ∂T + T∂
=⇒ τ − φ = ∂(Σ + T) + (Σ + T)∂ =⇒ φ ' τ . ♦

3.4.4 L mma. An φ ' ψ : C → D kai φ′ ' ψ′ : D → E, tìte

φ′φ ' ψ′ψ : C → E.

Apìdeixh: An ∃Σ : C → D, ψ − φ = ∂Σ + Σ∂
=⇒ φ′ψ − φ′φ = φ′∂Σ + φ′Σ∂ = ∂(φ′Σ) + (φ′Σ)∂ (φ′∂ = ∂φ′ sq. 3.1)
=⇒ φ′φ ' φ′ψ.

Akìmh, an ∃T : D → E, ψ′ − φ′ = ∂T + T∂
=⇒ ψ′ψ − φ′ψ = ∂Tψ + T∂ψ = ∂(Tψ) + (Tψ)∂ (∂ψ = ψ∂ sq.(3.1}
=⇒ φ′ψ ' ψ′ψ.

'Ara, lìgw metabatikìthtac,

φ′φ ' ψ′ψ. ♦

ShmeÐwsh: N Apì thn prohgoÔmenh apìdeixh, faÐnetai ìti an Σ : φ → ψ

kai T : φ′ → ψ′ eÐnai omotopÐec, tìte φ′Σ : φ′φ → φ′ψ kai Tψ : φ′ψ → ψ′ψ
eÐnai, epÐshc, omotopÐec.

H To l mma pou prohg jhke, mac epitrèpei na sundèoume thn kathgorÐ-
a Ch(mod − Λ) twn alusswt¸n sumplegm�twn kai morfism¸n metaxÔ tou-
c me aut  twn alusswt¸n sumplegm�twn kai twn omotopik¸n kl�sewn twn
morfism¸n sumplegm�twn, pou thn onom�zoume omotopik  kathgorÐa .
Aut  h met�bash gÐnetai apl�, me to na tautÐzoume tic kl�seic dÔo morfism¸n
sumplegm�twn, an autoÐ oi morfismoÐ eÐnai omotopikoÐ.

3.4.5 L mma. 'Estw F : MΛ → MΛ′ ènac prosjetikìc sunartht c kai
φ ' ψ : C → D, ìpou C kai D alusswt� sumplègmata apì L-modules, tìte

Fφ ' Fψ : FC → FD.

Apìdeixh: An φ ' ψ : C → D kai Σ : φ → ψ, tìte eÐnai

Fψ − Fφ = F (ψ − φ) = F (∂Σ + Σ∂) = F∂(FΣ) + (FΣ)F∂.

'Ara FΣ : Fφ → Fψ. ♦
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ShmeÐwsh: N 'Etsi, ènac prosjetikìc sunartht c F ep�gei èna sunartht 
metaxÔ twn omotopik¸n kathgori¸n, kaj¸c epÐshc, lìgw thc prìtashc (3.4.2)
kai o omologiakìc sunartht c mporeÐ na dr�sei mèsa apì thn omotopik  kath-
gorÐa.

Apì thn prìtash (3.4.2) kai to l mma (3.4.5) katal goume, �mesa, sto
akìloujo pìrisma.

3.4.6 Pìrisma. An φ ' ψ : C → D kai F : prosjetikìc sunartht c, tìte

H(Fφ) = H(Fψ) : H(FC) → H(FD).

3.4.7 Orismìc. Lème ìti dÔo sumplègmata C kai D eÐnai tou Ðdiou
omotopikoÔ tÔpou (  omotopik�), an aut� eÐnai isomorfik� sthn kath-
gorÐa omotopÐac, to opoÐo sumbaÐnei ìtan up�rqoun morfismoÐ sumplegm�twn
φ : C → D kai ψ : D → C, tètoioi ¸ste:

ψφ ' 1C kai φψ ' 1D.

O morfismìc sumplegm�twn φ (  ψ) onom�zetai tìte, omotopik  iso-
dunamÐa.

3.5 EpilÔseic
S' aut  thn enìthta eis�goume èna basikì ergaleÐo gia thn an�ptuxh thc

jewrÐac twn parag¸gwn sunartht¸n, pou eÐnai qarakthristik  perÐptwsh
(sun-)alusswtoÔ sumplègmatoc. Proc to parìn, periorizìmaste se mh arn-
htik� alusswt� sumplègmata thc kathgorÐac Ch≥0, pou, ìpwc  dh èqoume
anafèrei, eÐnai tou tÔpou

C : ... −→ Cn −→ Cn−1 −→ ... −→ C1 −→ C0 −→ 0 (5.1)

dhlad  Cn = 0, ∀n < 0.

3.5.1 Orismìc. I 'Ena mh arnhtikì alusswtì sÔmplegma C = {Cn} lège-
tai:

• probolikì an to Cn eÐnai probolikì, ∀n ≥ 0 kai
• a-kuklikì an Hn(C) = 0,∀n ≥ 1.
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I Probolik  epÐlush tou A onom�zetai èna (mh arnhtikì) probo-
likì kai a-kuklikì sÔmplegma

P : ... −→ Pn −→ Pn−1 −→ ... −→ P1 −→ P0

mazÐ me èna isomorfismì H0(P) ∼ // A .

Sth sunèqeia, ja tautÐzoume to H0(P) me to A, di� tou dojèntoc isomor-
fismoÔ.

Parat rhsh: N To mh arnhtikì sÔmplegma C eÐnai a-kuklikì, an kai
mìno an h akoloujÐa:

... −→ Cn −→ Cn−1 −→ ... −→ C1 −→ C0 −→ H0(C) −→ 0

eÐnai akrib c. Ki autì, diìti ∀n ≥ 1, isqÔei
Hn(C) = 0 ⇐⇒ ker∂n/im∂n+1 = 0 ⇐⇒ ker∂n = im∂n+1. En¸

H0(C) = ker∂0/im∂1 = C0/im∂1 = coker∂1.

H Epomènwc mia probolik  epÐlush tou L-module A, isodÔnama, ja dÐnei mia
akrib  akoloujÐa thc morf c:

... −→ Pn −→ Pn−1 −→ ... −→ P1 −→ P0 −→ A −→ 0

ìpou Pn: probolikì, ∀n ≥ 0.

3.5.2 Je¸rhma. An dojeÐ to probolikì sÔmplegma

C : ... −→ Cn −→ Cn−1 −→ ... −→ C0 kai to a-kuklikì sÔmplegma

D : ... −→ Dn −→ Dn−1 −→ ... −→ D0, tìte

(ı̇) gia k�je omomorfismì φ : H0(C) → H0(D), up�rqei ènac morfismìc
sumplegm�twn φ′ : C → D, pou ep�gei ton φ kai

(ı̇ı̇) an dÔo morfismoÐ sumplegm�twn ep�goun ton φ, eÐnai omotopikoÐ.

Apìdeixh: J (ı̇) Ja orÐsoume to morfismì sumplegm�twn φ′ : C → D
anadromik�. Xekin¸ntac apì to a-kuklikì D, paÐrnoume thn akrib  akoloujÐa
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D0 → H0(D) → 0. Lìgw thc probolikìthtac tou C0, up�rqei φ′0 : C0 → D0

¸ste to tetr�gwno:

C0
//

φ′0
²²

H0(C)

φ
²² ²O
²O
²O

D0
// // H0(D) (5.2)

n' antimetatÐjetai. Upojètoume ìti n = 1 kai èqoun oristeÐ ta φ′0, φ
′
1, ..., φ

′
n−1.

JewroÔme tìte to di�gramma:

Cn
∂ //

φ′n
²²

Cn−1

φ′n−1

²²
²O
²O
²O

∂ // Cn−2

φ′n−2

²²
²O
²O
²O

∂ // . . .

Dn
∂ // Dn−1

∂ // Dn−2
∂ // . . . (5.3)

[An n = 1, tìte C−1 = H0(C), D−1 = H0(D) kai to dexÐ tetr�gwno tou
parap�nw diagr�mmatoc (5.3), eÐnai akrib¸c to tetr�gwno (5.2)]

'Eqoume, loipìn,
∂φ′n−1 = φ′n−2∂ =⇒ ∂φ′n−1∂ = φ′n−2∂∂ = 0

=⇒ imφ′n−1∂ ⊆ ker∂ : Dn−1 → Dn−2

= im∂ : Dn → Dn−1

=⇒ (Dn → imφ′n−1∂): epimorfismìc

=⇒ ∃φ′n : Cn → Dn, φ′n−1∂ = ∂φ′n (Cn: probolikì).

'Etsi, oloklhr¸netai to epagwgikì b ma gia ton prosdiorismì tou φ′n.

J (ı̇ı̇) 'Estw, t¸ra, ìti dÔo morfismoÐ sumplegm�twn oi φ′ = {φ′n} kai
ψ′ = {ψ′n} ep�goun ton Ðdio omomorfismì φ : H0(C) → H0(D). Anadromik�
ja prosdiorÐsoume mia omotopÐa Σ : ψ′ → φ′.
Arqik�, jewroÔme to di�gramma:

C1
//

φ′1
²²

ψ′1
²²

C0

φ′0
²²

ψ′0
²²

λ //

Σ0

ww

H0(C)

φ
²²

// 0

D1 ∂
// D0 κ

// H0(D) // 0

Oi φ′0 kai ψ′0 ep�goun ton φ =⇒ κ(φ′0 − ψ′0) = λφ− λφ = 0
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=⇒ im(φ′0 − ψ′0) ⊆ kerκ = im(D1 → D0)

=⇒ (D1 → im(φ′0 − ψ′0)): epimorfismìc

(epeid  C0: probolikì), =⇒ ∃Σ0 : C0 → D1, φ
′
0 − ψ′0 = ∂Σ0.

Upojètoume, t¸ra, ìti n = 1 kai ìti èqoun oristeÐ oi morfismoÐ Σ0, Σ1, ..., Σn−1,
ètsi ¸ste φ′r − ψ′r = ∂Σr + Σr−1∂, 0 5 r 5 n− 1 (jewr¸ntac to Σ−1∂ = 0).
Ja prosdiorÐsoume ton Σn : Cn → Dn−1. Apì to parak�tw di�gramma:

Cn+1
∂ //

φ′n+1

²²
ψ′n+1

²²

Cn

φ′n
²²

ψ′n
²²

∂ //

Σnvv

Cn−1

φ′n−1

²²
ψ′n−1

²²Σn−1vv v6 v6 v6 v6 v6 v6 v6 v6

// . . .

Dn+1 ∂
// Dn ∂

// Dn−1
// . . .

èqoume ∂(φ′n − ψ′n − Σn−1∂) = φ′n−1∂ − ψ′n−1∂ − ∂Σn−1∂
= (φ′n−1 − ψ′n−1 − ∂Σn−1)∂ = Σn−2∂∂ = 0.

'Ara im(φ′n − ψ′n − Σn−1∂) ⊆ ker∂ : Dn → Dn−1 = im∂ : Dn+1 → Dn,

epomènwc (Dn+1 → im(φ′n − ψ′n − Σn−1)): epimorfismìc.

AfoÔ loipìn Cn: probolikì, ∃Σn : Cn → Dn+1, φ
′
n−ψ′n−Σn−1∂ = ∂Σn.

OrÐsame dhlad  thn omotopÐa Σ : ψ′ → φ′. ♦

3.5.3 L mma. Gia k�je L-module A, up�rqei mÐa probolik  tou epÐlush.

Apìdeixh: Dialègoume mia probolik  parousÐash (up�rqei p�ntote sthn
kathgorÐa MΛ) tou A: R1 ½ P0 ³ A. Sth sunèqeia, mia probolik  parousÐ-
ash tou R1: R2 ½ P1 ³ R1 kai suneqÐzoume me ton Ðdio trìpo. Tìte to
sÔmplegma:

P : . . . // Pn
∂n // Pn−1

∂n−1 // . . . // P0

eÐnai h probolik  epÐlush tou A (ìpou to diaforikì ∂n : Pn → Pn−1 orÐzetai
apì th sÔnjesh: Pn ³ Rn ½ Pn−1). 'Etsi, prokÔptei h akrib c akoloujÐa:

. . . // // Rn+1
// // Pn

// //

∂n

<<Rn
// // Pn−1

// // . . . // // P0
// //

∂0

??A // 0.
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Apì ton trìpo pou dhmiourg jhke to probolikì sÔmplegma P, eÐnai kai a-
kuklikì afoÔ
Hn(P) = ker∂n/im∂n+1 = ker(Pn ³ Rn)/im(Rn+1 ½ Pn) = 0, gia n > 0,
epeid  h Rn+1 ½ Pn ³ Rn wc probolik  parousÐash tou Rn eÐnai braqeÐa,
akrib c akoloujÐa.

Akìma isqÔei H0(P) = ker∂0/im∂1 = P0/im(R1 ½ P0)

= P0/ker(P0 ³ A) ∼= im(P0 ³ A) = A. ♦

ShmeÐwsh: N H Ôparxh probolik¸n epilÔsewn, ìpwc faÐnetai apì thn
prohgoÔmenh apìdeixh, isodunameÐ me thn Ôparxh probolik¸n parousi�sewn.
Genik� ja lème ìti mia abelian  kathgorÐa A èqei arket� probolik� antikeÐ-
mena, an gia k�je antikeÐmeno A ∈ Ob(A), up�rqei mÐa toul�qiston probolik 
parousÐash tou A.

H Sthn kathgorÐa Ab twn abelian¸n om�dwn, sÔmfwna me thn parap�nw
diadikasÐa sqhmatismoÔ thc probolik c epÐlushc thc abelian c om�dac A, m-
poroÔme na p�roume P1 = R1 kai Pn = 0, gia n ≥ 2 ki autì, diìti mia abelian 
om�da eÐnai probolik  an kai mìno an eÐnai eleÔjerh kai k�je upo-om�da miac
eleÔjerhc om�dac, eÐnai eleÔjerh.

Gia thn kathgorÐa twn modules MΛ ìmwc, mporeÐ na sumbeÐ na mhn up�rqei
peperasmènh probolik  epÐlush, pr�gma pou shmaÐnei ìti den up�rqei probo-
lik  epÐlush P tou module A, tètoia ¸ste ∃n0 ∈ Z, arket� meg�lo Ðswc, me
Pn = 0, n ≥ n0.

3.5.4 Prìtash. DÔo probolikèc epilÔseic tou A eÐnai kanonik� tou Ðdiou
omotopikoÔ tÔpou.

Apìdeixh: An C kai D dÔo probolikèc epilÔseic tou A, tìte lìgw tou
jewr matoc (3.5.2), up�rqoun dÔo morfismoÐ sumplegm�twn φ : C → D kai
ψ : D → C, pou ep�goun ton tautotikì omomorfismì H0(C) = A = H0(D).
H sÔnjesh loipìn, ψφ : C → C kai o tautotikìc morfismìc
1C : C → C, ep�goun ton tautotikì omomorfismì 1A : A → A. Opìte,
apì to je¸rhma (3.5.2), èqoume ψφ ' 1C. Me an�logo trìpo, paÐrnoume kai
φψ ' 1D. Dhlad  ta sumplègmata C kai D eÐnai tou Ðdiou omotopikoÔ tÔpou.

Epeid  epiplèon, h kl�sh omotopÐac thc omotopik c isodunamÐac
φ : C → D eÐnai monadik� orismènh, oi probolikèc epilÔseic C kai D eÐnai
kanonik�, tou Ðdiou omotopikoÔ tÔpou. ♦

Anafèroume, sth sunèqeia, tic duðkèc twn ennoi¸n, pou mac apasqìlhsan wc
t¸ra. Xekin¸ntac apì ta mh arnhtik� sun-alusswt� sumplègmata,
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dhlad  aut� tou tÔpou:

C : C0 −→ C1 −→ · · · −→ Cn −→ Cn+1 −→ · · · ,

me Cn = 0, gia n < 0, dÐnoume ton orismì.

3.5.5 Orismìc. I 'Ena mh arnhtikì sun-alusswtì sÔmplegma C = {Cn}
lègetai:

• enriptikì an to Cn eÐnai enriptikì, ∀n ≥ 0 kai
• a-kuklikì an Hn(C) = 0,∀n 6= 0.

I Enriptik  epÐlush tou A onom�zetai èna (mh arnhtikì) enriptikì
kai a-kuklikì sun-alusswtì sÔmplegma

I : I0 −→ I1 −→ · · · −→ In −→ In+1 −→ · · · ,

mazÐ me èna isomorfismì H0(I)
∼ // A .

Me duðkì trìpo, mporoÔn n' apodeiqjoÔn ta duðk� tou jewr matoc (3.5.2) kai
thc prìtashc (3.5.4).

ShmeÐwsh: N H Ôparxh enriptik¸n epilÔsewn isodunameÐ me thn Ôparx-
h enriptik¸n parousi�sewn. Genik�, mia abelian  kathgorÐa A ja èqei ar-
ket� enriptik� antikeÐmena, an gia k�je antikeÐmeno A ∈ Ob(A), up�rqei mÐa
toul�qiston enriptik  parousÐash tou A. Par�deigma miac tètoiac kathgorÐac
eÐnai h MΛ twn L-modules.
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3.6 Par�gwgoi sunarthtèc
To kÔrio jèma thc omologiak c �lgebrac, me to opoÐo j' asqolhjoÔme s'

aut  thn par�grafo, eÐnai oi par�gwgoi sunarthtèc. Ja mporoÔse na eipwjeÐ
ìti aut  h jewrÐa eÐnai - kai pr�gmati, istorik� ètsi xekÐnhse - mia meg�lh
genÐkeush thc jewrÐac twn Tor kai Ext, pou anafèrame sto prohgoÔmeno
kef�laio.

J' anaptÔxoume th jewrÐa se k�poia genikìthta, paÐrnontac wc basikì
sunartht  èna prosjetikì kai sunalloÐwto sunartht  T : MΛ → Ab. To
pedÐo tim¸n mporeÐ na eÐnai opoiad pote abelian  kathgorÐa, en toÔtoic, oi
kÔriec efarmogèc mac eÐnai me pedÐo tim¸n thn kathgorÐa Ab twn abelian¸n
om�dwn. Arqik�, ja bg�loume ton orismì twn arister� par�gwgwn sunartht¸n
tou sunartht  T , analutik�, en¸ ja upogrammÐzoume tic shmantikèc tropopoi -
seic gia touc dexi� par�gwgouc sunarthtèc. An�loga anaptÔssetai h jewrÐa
gia touc par�gwgouc sunarthtèc enìc antalloÐwtou sunartht .

3.6.1 Orismìc. 'Estw loipìn T : MΛ → Ab ènac sunalloÐwtoc, pros-
jetikìc sunartht c. Ja orÐsoume mia akoloujÐa sunartht¸n
LnT, n = 0, 1, 2, ..., ìpou o LnT : MΛ → Ab onom�zetai n−ostìc aris-
ter� par�gwgoc sunartht c tou T . Autìc o orismìc epiqeireÐtai me
diadoqik� b mata:
I DÐnetai • èna L-module A kai

• mia probolik  epÐlush P tou A.
I JewroÔme to sÔmplegma twn abelian¸n om�dwn

• TP : ... → TPn → TPn−1 → ... → TP0 → 0
I kai orÐzoume

LP
n T (A) = Hn(TP), n = 0, 1, 2, ...

Ja deÐxoume, sth sunèqeia, ìti: (ı̇) gia ton prosjetikì sunartht 
T , o sunartht c LP

n T (A) den exart�tai apì thn probolik  epÐlush P, al-
l� mìno apì to L-module A kai
(ı̇ı̇) an dojeÐ mia apeikìnish α : A → A′, mporoÔme na orÐsoume mia epagìmenh
sun�rthsh α∗ : LP

n T (A) → LP′
n T (A′), pou k�nei ton LP

n T (−) èna sunartht .

J (ı̇) 'Estw o omomorfismìc α : A → A′ kai P, P′ oi probolikèc epilÔseic
twn A, A′ antÐstoiqa. SÔmfwna me ta sq mata pou akoloujoÔn:

86



MΛ:

P

α′

²²
α

²²

: . . . // Pn

α′n
²²

αn

²²

// Pn−1

α′n−1

²²
αn−1

²²

// . . . // P0

α′0
²²

α0

²²

// A

α

²²

// 0

P′ : . . . // P ′
n

// P ′
n−1

// . . . // P ′
0

// A′ // 0

¸ ↓ ↓ T ↓ ↓ ¸

Ab:

TP

Tα′

²²
Tα

²²

: . . . // TPn

Tα′n
²²

Tαn

²²

// TPn−1

Tα′n−1

²²
Tαn−1

²²

// . . . // TP0

Tα′0
²²

Tα0

²²

// TA

Tα

²²

// 0

TP′ : . . . // TP ′
n

// TP ′
n−1

// . . . // TP ′
0

// TA′ // 0

kai lìgw tou jewr matoc (3.5.2), up�rqei ènac morfismìc sumplegm�twn
α : P → P′, pou ep�gei ton α kai eÐnai kajorismènoc mèqric omotopÐac. Apì
to pìrisma (3.4.6) paÐrnoume thn apeikìnish

α(P,P′) : LP
n T (A) = Hn(TP) −→ Hn(TP′) = LP′

n T (A′), n = 0, 1, 2, ...,

h opoÐa den exart�tai apì thn epilog  tou α giatÐ an up�rqoun dÔo morfismoÐ
sumplegm�twn α kai α′ pou ep�goun ton α tìte, ìpwc prokÔptei ki apì ta
parap�nw sq mata

α ' α′ =⇒ H(Tα) = H(Tα′) : H(TP) −→ H(TP′).

'Ara o α(P,P′) : LP
n T (A) −→ LP′

n T (A′), n = 0, 1, 2, ... eÐnai anex�rthtoc tou
morfismoÔ sumplegm�twn α.

JewroÔme katìpin touc omomorfismoÔc α : A → A′ kai α′ : A′ → A′′ kai
tic probolikèc epilÔseic P, P′ kai P′′ twn A, A′ kai A′′ antÐstoiqa. 'Opwc
ex�getai apì ta parap�nw, h sÔnjesh α′α : A → A′′ ep�gei thn apeikìnish

α′α(P,P′′) : LP
n TA −→ LP′′

n TA′′, n = 0, 1, 2, ...

pou kataskeu�zetai mèsw tou morfismoÔ sumplegm�twn α′α : P → P′′, o
opoÐoc ep�gei ton omomorfismì α′α, ìtan α : P → P′ eÐnai o morfismìc
sumplegm�twn pou ep�gei ton α kai o α′ : P′ → P′′ ep�gei ton α′. 'Etsi,
èqoume

(α′α)(P,P′′) = α′(P′,P′′) ◦ α(P,P′). (6.1)
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Me an�logouc sullogismoÔc, paÐrnoume thn tautotik  apeikìnish

1A(P,P) = 1LP
n TA, (6.2)

pou ep�gei ton tautotikì omomorfismì 1A : A → A. Dhlad  o LP
n TA eÐnai

ènac sunartht c, afoÔ ikanopoieÐ touc kanìnec tou tautotikoÔ stoiqeÐou kai
thc sÔnjeshc morfism¸n.

MporoÔme t¸ra na deÐxoume thn epìmenh prìtash.

3.6.2 Prìtash. An P kai Q eÐnai dÔo probolikèc epilÔseic tou A, tìte
up�rqei ènac kanonikìc isomorfismìc

η = η P,Q : LP
n TA

∼ // LQ
n TA .

Apìdeixh: 'Estw η : P → Q ènac morfismìc sumplegm�twn, pou ep�gei
ton tautotikì omomorfismì 1A. H omotopik  kl�sh tou η eÐnai monadik� oris-
mènh kai epiplèon, apì thn prìtash (3.5.4), èqoume ìti o morfismìc η eÐnai mia
omotopik  isodunamÐa. Apì ed¸ prokÔptei h apeikìnish-isomorfismìc:

η = 1A(P,Q) : LP
n TA

∼ // LQ
n TA n = 0, 1, 2, ...

o opoÐoc mporeÐ na upologisteÐ mèsw tou tuqaÐou morfismoÔ sumplegm�twn
η : P → Q, pou ep�gei ton 1A. ♦

Lìgw twn tÔpwn (6.1) kai (6.2) h prohgoÔmenh prìtash, gia treÐc probo-
likèc epilÔseic tou A tic P,Q,R mac dÐnei:

η Q,R · η P,Q = η P,R =⇒ η P,P = 1.

Sunep¸c mporoÔme na tautÐsoume, di� tou isomorfismoÔ η, tic abelianèc om�dec
LP

n TA kai LQ
n TA. Dhlad  o sunartht c LP

n TA den exart�tai apì to sÔmpleg-
ma P, all� mìno apì to L-module A ki ètsi ton gr�foume qwrÐc ton uper-
deÐkth P, apl� wc LnTA.

J (ı̇ı̇) T¸ra prèpei na orÐsoume gia ton omomorfismì α : A → A′, ton
epagìmeno omomorfismì abelian¸n om�dwn

α∗ : LnT (A) −→ LnT (A′), n = 0, 1, 2, ...

SÔmfwna me ta prohgoÔmena, o α∗ orÐzetai wc ex c:

α∗ = α(P,P′) : LP
n T (A) −→ LP′

n T (A′).
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O orismìc autìc tou α∗ eÐnai sumbatìc me thn taÔtish pou k�name, mèsw tou
isomorfismoÔ η. Ki autì diìti an P kai Q eÐnai dÔo probolikèc epilÔseic tou
A, en¸ P′ kai Q′ dÔo probolikèc epilÔseic tou A′, me touc isomorfismoÔc
η : LP

n TA ∼= LQ
n TA kai η′ : LP′

n TA′ ∼= LQ′
n TA′, pou prokÔptoun stic an-

tÐstoiqec abelianèc om�dec, tìte apì thn prìtash (3.6.1) kai ton tÔpo (6.1)
paÐrnoume:

η′ ◦ α(P,P′) = 1A′(P
′,Q′) ◦ α(P,P′) = α(P,Q′)

= α(Q,Q′) ◦ 1A(P,Q) = α(Q,Q′) ◦ η.

'Ustera apì ìlh thn diadikasÐa pou prohg jhke kai me b�sh tic sqèseic (6.1)
kai (6.2), o LnT (−) gÐnetai ènac sunartht c kai oloklhr¸netai o orismìc twn
arister� par�gwgwn sunartht¸n.

ShmeÐwsh: TonÐzoume to tetrimmèno, all� tautìqrona qr simo gegonìc
ìti gia na oristoÔn oi arister� par�gwgoi sunarthtèc LnT , eÐnai aparaÐthto
o T na dÐnetai epÐ probolik¸n antikeimènwn.

Anafèroume sth sunèqeia, k�poiec basikèc prot�seic gia touc arister�
par�gwgouc sunarthtèc.

3.6.3 Orismìc. O sunalloÐwtoc sunartht c T : MΛ → Ab onom�zetai
dexi� akrib c, an gia k�je akrib  akoloujÐa A′ → A → A′′ → 0, h
akoloujÐa

TA′ → TA → TA′′ → 0

eÐnai akrib c.

ShmeÐwsh: K�je dexi� akrib c sunartht c eÐnai prosjetikìc. H dikaiolìghsh
eÐnai ìti o dexi� akrib c sunartht c T , diathreÐ ta ajroÐsmata afoÔ, an A, B
dÔo L-modules, A,B ∈ MΛ

=⇒ A⊕B ∈ MΛ

⇐⇒ A // iA // A⊕B
πB // // B : braqeÐa akrib c akoloujÐa.

⇐⇒ TA
TiA // T (A⊕B)

TπB // // TB : akrib c (T : dexi� akrib c).

O mhdenikìc morfismìc 0MΛ
: 0 → A thc kathgorÐac MΛ, antistoiqÐzetai

mèsw tou sunartht  T : MΛ → Ab sto mhdenikì morfismì 0Ab : T0 → TA
thc Ab kathgorÐac.
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Dhlad  h TA // TiA // T (A⊕B)
TπB // // TB : braqeÐa akrib c akoloujÐa, pou

isodÔnama, mac dÐnei ton isomorfismì

T (A⊕B) ∼= TA⊕ TB. ♦

3.6.4 Prìtash. An o T : MΛ → Ab eÐnai dexi� akrib c sunartht c, tìte
o L0T kai o T eÐnai fusik� isodÔnamoi.

Apìdeixh: An P eÐnai mia probolik  epÐlush tou L-module A

=⇒ P1 → P0 → A → 0: akrib c akoloujÐa

=⇒ TP1 → TP0 → TA → 0: akrib c

=⇒ H0(TP) = ker(TP0 → 0)/im(TP1 → TP0)

=⇒ L0TA = H0(TP) = TP0/im(TP1 → TP0)

=⇒ L0TA = coker(TP1 → TP0) ∼= TA

Dhlad  gia touc sunarthtèc T kai L0T up�rqei ènac fusikìc metasqhma-
tismìc t : T → L0T , ¸ste to akìloujo di�gramma na antimetatÐjetai:

TA
tA //

Tf

²²

L0TA

L0Tf
²²

TB
tB // L0TB

ìpou A,B ∈ Ob(MΛ) kai f : A → B kai epeid  o tA eÐnai isomorfismìc,
∀A ∈ Ob(MΛ), �ra èqoume t : T ' L0T fusik  isodunamÐa. ♦

3.6.5 Prìtash. Gia to probolikì L-module P isqÔei

• LnTP = 0, n = 1, 2, ..., • L0TP = TP

Apìdeixh: To P : · · · → 0 → (P0 = P ) → 0: mia probolik  epÐlush tou
P

=⇒ · · · → 0 → TP → 0: akribèc sÔmplegma

=⇒
{
• LnTP = Hn(TP) = 0

• L0TP = H0(TP) = TP,
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afoÔ ker(TPn → TPn−1) = im(TPn+1 → TPn)

kai ker(TP → 0)/im(0 → TP ) = TP/0. ♦

3.6.6 Prìtash. Oi sunarthtèc LnT : MΛ → Ab, n = 0, 1, 2, ... eÐnai pros-
jetikoÐ.

Apìdeixh: An P kai Q eÐnai probolikèc epilÔseic twn L-modules A kai B
antÐstoiqa, tìte to sÔmplegma:

P⊕Q : · · · → Pn ⊕Qn → Pn−1 ⊕Qn−1 → · · · → P0 ⊕Q0 → 0

eÐnai mia probolik  epÐlush tou A⊕B ∈ MΛ. AfoÔ, loipìn, oi T kai H eÐnai
prosjetikoÐ sunarthtèc, èqoume:

LnT (A⊕B) = Hn(T (P⊕Q)) = Hn(TP⊕ TQ)

= Hn(TP)⊕Hn(TQ) = LnTA⊕ LnTB,

ìpou oi LnT (iA) kai LnT (iB) oi kanonikèc enrÐyeic:

LnTA
LnT (iA) // LnT (A⊕B) LnTB.

LnT (iB)oo ♦

3.6.7 Prìtash. An

Kq
// µ // Pq−1

// Pq−2
// . . . // P0

// // A

eÐnai mia akrib c akoloujÐa, me ta P0, P1, ..., Pq−1 probolik�, tìte an o T eÐnai
dexi� akrib c kai q = 1, isqÔei ìti h akoloujÐa

0 // LqTA // TKq
µ∗ // TPq−1

eÐnai akrib c.

Apìdeixh: An ... → Pq+1 → Pq → Kq → 0 eÐnai mia akrib c akoloujÐa, me
ta Pq, Pq+1, ...: probolik�, tìte:
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• to sÔmplegma

P : . . . // Pq+1
∂q+1 // Pq

∂q //

ÃÃ ÃÃ@
@@

@@
@@

Pq−1
// . . . // P0

// 0

Kq

==
µ

==zzzzzzzz

eÐnai mia probolik  epÐlush tou A kai

• h akoloujÐa TPq+1
T (∂q+1) // TPq

// TKq
// 0 eÐnai akrib c,

afoÔ o T eÐnai dexi� akrib c sunartht c.

Lìgw thc prosjetikìthtac tou T , T (∂q+1) ·T (∂q) = T (∂q+1 ·∂q) = T (0) =
0,

opìte èqoume to epìmeno antimetajetikì di�gramma me akribeÐc seirèc:

TPq+1
T (∂q+1) //

α

²²

TPq
//

T (∂q)

²²

TKq
//

µ∗
²²

0

0 // 0 // TPq−1
∼ // TPq−1,

tou opoÐou to dexÐ tetr�gwno prokÔptei apì thn efarmog  tou sunartht  T
sto parap�nw trÐgwno thc probolik c epÐlushc tou A.

SÔmfwna, loipìn, me to l mma tou fidioÔ (1.2.7), paÐrnoume gi' autì to
antimetajetikì di�gramma, thn akrib  akoloujÐa pur nwn-sunpur nwn:

kerα = TPq+1
T (∂q+1) // kerT (∂q) // kerµ∗

ω // 0 = cokerα.

kai �ra ton isomorfismì:
kerµ∗ ∼= kerT (∂q)/imT (∂q+1)

= Hq(TP ) = LqTA.
'Etsi, kerµ∗ ∼= LqTA ⇐⇒

0 // kerµ∗ ∼= LqTA // TKq
µ∗ // TPq−1 : akrib c. ♦

Ja upogrammÐsoume, tèloc, k�poia shmeÐa diaforopoÐhshc, gia ton orismì
twn dexi� par�gwgwn sunartht¸n kai prot�seic pou isqÔoun gi' autoÔc.

92



3.6.8 Orismìc. An T : MΛ → Ab eÐnai, p�li, ènac sunalloÐwtoc, pros-
jetikìc sunartht c, orÐzoume thn akoloujÐa twn dexi� par�gwgwn sunartht¸n
tou T :

RnT : MΛ → Ab, n = 0, 1, 2, ...

Kai o orismìc autìc epitugq�netai sta ex c b mata:
I DÐnetai • èna L-module A kai

• mia enriptik  epÐlush I tou A.

I SqhmatÐzoume to sun-sÔmplegma twn abelian¸n om�dwn
• T I : TI0 −→ TI1 −→ · · · −→ TIn −→ TIn+1 −→ · · ·

I kai orÐzoume

RnTA = Hn(T I), n = 0, 1, 2, ...

Parat rhsh: O RnT (−) eÐnai ènac sunartht c, pou den exart�tai apì
thn enriptik  epÐlush I, all� mìno ap' to L-module A.

IsqÔoun kai oi antÐstoiqec twn parap�nw prot�sewn gia touc dexi� par�g-
wgouc sunarthtèc.

Sthn perÐptwsh enìc sunartht  S : MΛ → Ab prosjetikoÔ kai antalloÐw-
tou S, oi dexi� par�gwgoi sunarthtèc tou RnS, sqhmatÐzontai wc dexi� par�g-
wgoi tou sunalloÐwtou sunartht  S : Mop

Λ → Ab, paÐrnontac mia probolik 
epÐlush P tou A (dhlad  enriptik  sthn Mop) kai sqhmatÐzontac th sun-
omologÐa apì to sun-alusswtì sÔmplegma twn abelian¸n om�dwn SP.

Gia touc arister� par�gwgouc sunarthtèc LnT , tou antalloÐwtou, pros-
jetikoÔ T : MΛ → Ab kinoÔmaste an�loga, paÐrnontac arister� par�gwgouc
sunarthtèc tou sunalloÐwtou T : Mop

Λ → Ab, diamèsou enriptik c epÐlushc I
tou L-module A kai sqhmatÐzoume thn omologÐa apì to sÔmplegma abelian¸n
om�dwn T I.

3.6.9 Orismìc. O antalloÐwtoc sunartht c S : MΛ → Ab onom�zetai
arister� akrib c an o S, jewroÔmenoc wc sunalloÐwtoc S : Mop

Λ → Ab,
eÐnai arister� akrib c. Dhlad  gia k�je akrib  akoloujÐa twn L-modules
A′, A, A′′: A′ → A → A′′ → 0, h epìmenh akoloujÐa eÐnai akrib c:

0 → SA′′ → SA → SA′.

93



An�loga orÐzetai kai h akrÐbeia antalloÐwtou sunartht  apì dexi�.

Par�deigma: arister� akriboÔc antalloÐwtou sunartht  eÐnai o Hom(−, B),
ìpwc prokÔptei apì to je¸rhma (1.3.2).

MporoÔme na diatup¸soume duðkèc twn prohgoÔmenwn prot�sewn, gia thn
perÐptwsh antalloÐwtou sunartht .

3.7 Makrèc akoloujÐec parag¸gwn
prosjetikoÔ sunartht  T : MΛ → Ab

S' aut  thn par�grafo, kleÐnontac to kef�laio, ja parousi�soume dÔo
basikèc makrèc, akribeÐc akoloujÐec, pou dhmiourgoÔntai apì touc par�gw-
gouc sunarthtèc.

Apant�me, ètsi, sto kentrikì er¸thma me to opoÐo asqol jhke h ergasÐa
mac kai ìpwc diafaÐnetai sthn ìlh thc an�ptuxh, eÐnai h kataskeu  makr¸n,
akrib¸n akolouji¸n, eÔqrhstwn, kaj¸c up�rqoun prot�seic kai idiìthtec pou
bohjoÔn s' autì, h eÔresh ergaleÐwn gia mia tètoia kataskeu , se sugkekrimè-
na (oi Hom, Ext, Tor), all� kai se genikìtera (oi par�gwgoi sunarthtèc)
probl mata kai h tekmhrÐwsh, mèsw omologiak¸n ennoi¸n, tou ìlou egqeir matoc.

Sto pr¸to je¸rhma, kratoÔme to sunartht  stajerì kai metab�lloume to
antikeÐmeno thc kathgorÐac MΛ. Sto deÔtero, sqhmatÐzoume makr�, akrib 
akoloujÐa diaforopoi¸ntac to sunartht , kaj¸c to antikeÐmeno thc MΛ paramènei
amet�blhto.

3.7.1 Je¸rhma. An dojeÐ ènac prosjetikìc sunartht c T : MΛ → Ab kai
mia braqeÐa, akrib c akoloujÐa A′ // α′ // A

α′′ // // A′′ , tìte up�rqoun
{sunektikoÐ omomorfismoÐ}

ωn : LnTA′′ −→ Ln−1TA′, n = 1, 2, ...,

¸ste h parak�tw makr� akoloujÐa na eÐnai akrib c:
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· · · // LnTA′ α′∗ // LnTA
α′′∗ // LnTA′′ ωn ///o /o /o /o /o /o Ln−1TA′ // · · ·

²²
0 L0TA′′oo L0TA

α′′∗oo L0TA′α′∗oo L1TA′′ω1oo o/o/o/o/o/o/o/ · · ·oo (7.1)

Apìdeixh: B�sei tou l mmatoc (2.5.3), kataskeu�zoume èna antimetajetikì
di�gramma me akribeÐc seirèc:

P ′
0

// //

ε′0
²²²²

P0
// //

ε0

²²²²

P ′′
0

ε′′0²²²²
A′ // α′ // A

α′′ // // A′′,

ìpou ta P ′
0, P0, P

′′
0 eÐnai probolik� modules. Profan¸c, P0 = P ′

0 ⊕ P ′′
0 . Apì

to l mma tou fidioÔ (1.2.7) loipìn, paÐrnoume th braqeÐa, akrib  akoloujÐa
twn pur nwn:

kerε′0 ½ kerε0 ³ kerε′′0. (7.2)

Epanalamb�noume th diadikasÐa, topojet¸ntac sth jèsh thc arqik c akolou-
jÐac A′ ½ A ³ A′′, thn akoloujÐa (7.2) kai prokÔptei èna nèo antimetajetikì
di�gramma, me mia antÐstoiqh braqeÐa, akrib  akoloujÐa pur nwn. ProqwroÔme
kat' autì ton trìpo, epagwgik� kai prokÔptei to pollaplì antimetajetikì
sq ma, parak�tw. Ja kataskeu�soume, epomènwc, mia braqeÐa, akrib  akolou-
jÐa sumplegm�twn:

P′ // α′ // P
α′′ // // P′′,

ìpou ta alusswt� sumplègmata P′, P kai P′′ eÐnai oi probolikèc epilÔseic twn
A′, A kai A′′ kai oi morfismoÐ sumplegm�twn α′ : P′ → P kai α′′ : P → P′′
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ep�goun touc omomorfismoÔc α′ kai α′′, antÐstoiqa.

0 // 0 // 0

A′ // α′ //

99ssssssssss
A

α′′ // //

::uuuuuuuuuu
A′′

=={{{{{{{{

P ′
0

//
α′0

//

∂0

PP

ε′0

OOOO

P0
α′′0

// //

∂0

QQ

ε0

OOOO

P ′′
0

∂0

SS

ε′′0

OOOO

kerε′0 // ///o/o/o
99

99ssssssssss
kerε0

// ///o/o/o
::

::uuuuuuuuuu
kerε′′0

;;

;;wwwwwwww

P ′
1

//
α′1

//

∂1

OO

ε′1

OOOO

P1
α′′1

// //

ε1

OOOO ∂1

PP

P ′′
1

ε′′1

OOOO
∂1

QQ

. . . . . . . . .

P ′
n−1

//
α′n−1

//

ε′n−1

OOOO

Pn−1
α′′n−1

// //

εn−1

OOOO

P ′′
n−1

ε′′n−1

OOOO

kerε′n−1
// ///o/o/o

88

88rrrrrrrrrr
kerεn−1

// ///o/o/o
88

88rrrrrrrrrrr
kerε′′n−1

99

99sssssssss

P ′
n

∂n

NN

//
α′n

//

ε′n

OOOO

Pn
α′′n

// //

εn

OOOO ∂n

NN

P ′′
n

ε′′n

OOOO
∂n

OO

. . . . . . . . . . . . . . . . . . ,

AfoÔ, ìmwc, o sunartht c T eÐnai prosjetikìc kai ∀n ≥ 0, isqÔei
Pn = P ′

n ⊕ P ′′
n =⇒ TPn = TP ′

n ⊕ TP ′′
n , tìte kai h

0 −→ TP′ −→ TP −→ TP′′ −→ 0

eÐnai braqeÐa, akrib c akoloujÐa. 'Etsi, to je¸rhma (3.3.1) mac kajorÐzei ton
omomorfismì

ωn : Hn(TP′′) −→ Hn−1(TP′),

pou k�nei thn akoloujÐa (7.1) akrib . O orismìc tou ωn eÐnai anex�rthtoc,
tìso apì thn epilog  twn probolik¸n epilÔsewn P′, P kai P′′, ìso kai apì
touc morfismoÔc sumplegm�twn α′ kai α′′. Exart�tai mìno apì th braqeÐa,
akrib  akoloujÐa: A′ ½ A ³ A′′. ♦
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'Estw, t¸ra, τ : T → T ′ ènac fusikìc metasqhmatismìc metaxÔ twn pros-
jetik¸n, sunalloÐwtwn sunartht¸n T, T ′ : MΛ → Ab. Gia mia probolik 
epÐlush P tou L-module A, paÐrnoume to morfismì sumplegm�twn τP : TP →
T ′P, pou kajorÐzetai apì ton tÔpo (τP)n = τPn : TPn → T ′Pn, n = 0, 1, 2, ...
. Profan¸c, o morfismìc τP ep�gei èna fusikì metasqhmatismì twn arister�
par�gwgwn sunartht¸n τA : LnTA → LnT

′A, n = 0, 1, 2, ... .
Epiplèon, h fusikìthta thc akoloujÐac (7.1) ekfr�zetai se sqèsh, tìso

me to sunartht  T , ìso kai me thn akrib  akoloujÐa A′ ½ A ³ A′′, sthn
epìmenh prìtash:

3.7.2 Prìtash. An τ : T → T ′ ènac fusikìc metasqhmatismìc metaxÔ
twn prosjetik¸n, sunalloÐwtwn sunartht¸n T, T ′ : MΛ → Ab kai èstw to
akìloujo antimetajetikì di�gramma

A′ // α′ //

φ′

²²

A
α′′ // //

φ

²²

A′′

φ′′
²²

B′ //
β′

// B
β′′

// // B′′,

me akribeÐc seirèc. Tìte ta akìlouja diagr�mmata eÐnai antimetajetik�:

(ı̇) · · · // LnTA′ α′∗ //

τA′
²²

LnTA
α′′∗ //

τA

²²

LnTA′′ ωn //

τA′′
²²

Ln−1TA′

τA′
²²

// · · ·

· · · // LnT ′A′ α′∗ // LnT ′A
α′′∗ // LnT ′A′′ ω′n // Ln−1T

′A′ // · · ·
kai

(ı̇ı̇) · · · // LnTA′ α′∗ //

φ′∗
²²

LnTA
α′′∗ //

φ∗
²²

LnTA′′ ωn //

φ′′∗
²²

Ln−1TA′

φ′∗
²²

// · · ·

· · · // LnTB′ β′∗ // LnTB
β′′∗ // LnTB′′ ωn // Ln−1TB′ // · · ·

SuneqÐzoume katìpin, gia to sqhmatismì thc deÔterhc makr�c, akriboÔc
akoloujÐac.

3.7.3 Orismìc. H akoloujÐa T ′ τ ′ // T
τ ′′ // T ′′ twn prosjetik¸n sunartht¸n

T ′, T, T ′′ : MΛ → Ab

kai twn fusik¸n metasqhmatism¸n τ ′ kai τ ′′ metaxÔ touc, onom�zetai akrib c
se probolik�, an gia k�je probolikì L-module P , h akoloujÐa
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0 // T ′P
τ ′P // TP

τ ′′P // T ′′P // 0

eÐnai akrib c.

3.7.4 Je¸rhma. An dojeÐ h akoloujÐa T ′ τ ′ // T
τ ′′ // T ′′ twn pros-

jetik¸n sunartht¸n T ′, T, T ′′ : MΛ → Ab akrib c se probolik�, tìte gia
k�je L-module A, up�rqoun gia n = 1, 2, ..., oi {sunektikoÐ omomorfismoÐ}
ωn : LnT

′′A → Ln−1T
′A, ¸ste h parak�tw makr� akoloujÐa:

· · · // LnT ′A τ ′ // LnTA
τ ′′ // LnT

′′A
ωn ///o /o /o /o /o /o Ln−1T

′A // · · ·

²²
0 L0T

′′Aoo L0TA
τ ′′oo L0T

′Aτ ′oo L1T
′′A

ω1oo o/o/o/o/o/o/o/ · · ·oo (7.3)

na eÐnai akrib c.

Apìdeixh: Dialègoume mia probolik  epÐlush P tou A kai jewroÔme thn
akoloujÐa twn sumplegm�twn

0 // T ′P
τ ′ // TP

τ ′′ // T ′′P // 0

pou eÐnai braqeÐa akrib c, kaj¸c h akoloujÐa T ′ τ ′ // T
τ ′′ // T ′′ eÐnai

akrib c se probolik�. Me efarmog  tou jewr matoc (3.3.1), paÐrnoume th
makr�, akrib  omologiak  akoloujÐa, pou mac odhgeÐ �mesa sthn akrÐbeia thc
akoloujÐac (7.3), me touc {sundetikoÔc omomorfismoÔc}:

ωn : Hn(T ′′P) −→ Hn−1(T
′P). ♦

H akoloujÐa (7.3) eÐnai fusik  kai se sqèsh me to A, all� kai se sqèsh me
thn akoloujÐa T ′ → T → T ′′, ìpwc katagr�fetai kai sthn akìloujh prìtash.

3.7.5 Prìtash. An α : A → A′ eÐnai ènac omomorfismìc metaxÔ twn
L-modules A kai A′ kai èstw to akìloujo antimetajetikì di�gramma twn pros-
jetik¸n sunartht¸n kai fusik¸n metasqhmatism¸n metaxÔ touc:

T ′ τ ′ //

φ′

²²

T
τ ′′ //

φ

²²

T ′′

φ′′
²²

S ′
σ′

// S
σ′′

// // S ′′,

tètoio ¸ste oi seirèc tou na eÐnai akribeÐc se probolik�. Tìte ta akìlouja
diagr�mmata eÐnai antimetajetik�:
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(ı̇) · · · // LnT
′A

α∗
²²

τ ′A // LnTA

α∗
²²

τ ′′A // LnT
′′A

ωn //

α∗
²²

Ln−1T
′A

α∗
²²

// · · ·

· · · // LnT ′A′ τ ′A // LnTA′ τ ′′A // LnT ′′A′ ωn // Ln−1T
′A′ // · · ·

kai

(ı̇ı̇) · · · // LnT ′A
τ ′A //

φ′∗
²²

LnTA
τ ′′A //

φ∗
²²

LnT
′′A

ωn //

φ′′∗
²²

Ln−1T
′A

φ′∗
²²

// · · ·

· · · // LnS ′A
σ′A // LnSA

σ′′A // LnS ′′A
ωn // Ln−1S

′A // · · ·

3.8 GenikeÔseic -
Kajolikìthta par�gwgwn sunartht¸n

KleÐnontac to kef�laio twn parag¸gwn sunartht¸n, genikeÔoume tic èn-
noiec, me anafor� se prosjetikoÔc sunarthtèc metaxÔ opoiwnd pote kath-
gori¸n, dÐnontac touc aparaÐthtouc orismoÔc kai tic sunj kec - sqèseic gi'
aut  th genÐkeush.

Arqik�, upogrammÐzoume ìti h ènnoia twn par�gwgwn sunartht¸n tou sunartht 
T : MΛ → Ab, epekteÐnetai se arister� (antÐst. dexi�) par�gwgouc tou dexi�
(antÐst. arister�) akriboÔc sunartht  F : A → B, pou sundèei dÔo abelianèc
kathgorÐec A kai B, jewr¸ntac ìti h A èqei arket� probolik� antikeÐmena.
An dhlad  A ∈ Ob(A), kai P → A mia probolik  epÐlush tou A, orÐzoume

LnF (A) = Hn(F (P )), n ≥ 0.

TonÐzoume ìti afoÔ h F (P1) → F (P0) → F (A) → 0 eÐnai akrib c, eÐnai
L0F (A) ∼= F (A).

3.8.1 Orismìc. Omologiakìc (sunalloÐwtoc) δ-sunartht c (antÐs-
toiqa sun-omologiakìc), apì mia kathgorÐa A proc thn kathgorÐa B,
eÐnai mia sullog  prosjetik¸n sunartht¸n Tn : A → B, n ≥ 0 (antÐstoiqa
T n : A → B, n ≥ 0), mazÐ me touc omomorfismoÔc

δn : Tn(C) → Tn−1(A)
(antÐstoiqa δn : T n(C) → T n+1(A)),

pou orÐzontai gia k�je braqeÐa, akrib  akoloujÐa A ½ B ³ C thc kath-
gorÐac A kai ikanopoioÔn tic akìloujec sunj kec:
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I 1. Gia k�je braqeÐa, akrib  akoloujÐa thc parap�nw morf c, up�rqei mia
makr� akrib c akoloujÐa

· · · −→ Tn+1(C) δ ///o /o /o /o /o Tn(A) // Tn(B) // Tn(C) δ ///o /o /o /o Tn−1(A) −→ · · ·
(antÐstoiqa

· · · −→ T n−1(C)
δ ///o /o /o /o /o T n(A) // T n(B) // T n(C) δ ///o /o /o /o T n+1(A) −→ · · · ).

Eidik� o T0 eÐnai dexi� akrib c kai o T 0 arister� akrib c.

I 2. Gia k�je morfismì metaxÔ dÔo braqei¸n akrib¸n akolouji¸n, apì thn
A′ ½ B′ ³ C ′ sthn A ½ B ³ C, oi δ-morfismoÐ dÐnoun èna antimetajetikì
di�gramma

Tn(C ′) δ ///o /o /o /o /o /o

²²

Tn−1(A
′)

²²
Tn(C) δ ///o /o /o /o /o /o Tn−1(A)

(antÐstoiqa T n(C ′) δ ///o /o /o /o /o /o

²²

T n+1(A′)

²²
T n(C) δ ///o /o /o /o /o T n+1(A)).

ShmeÐwsh: SumfwnoÔme ìti Tn = T n = 0, n < 0

Par�deigma: ¨ omologiakoÔ δ-sunartht  eÐnai h oikogèneia L∗T = {LnT}n≥0

twn arister� par�gwgwn sunartht¸n tou prosjetikoÔ T : MΛ → Ab kai

¨ sun-omologiakoÔ δ-sunartht  h R∗T = {RnT}n≥0 twn dexi� par�gwgwn
sunartht¸n tou prosjetikoÔ T : MΛ → Ab.

3.8.2 Orismìc. I 'Enac morfismìc S → T twn δ-sunartht¸n
S, T : A → B eÐnai èna sÔsthma fusik¸n metasqhmatism¸n Sn → Tn (antÐs-
toiqa Sn → T n), pou antimetatÐjetai me to diaforikì δ. Autì shmaÐnei ìti
up�rqei èna antimetajetikì di�gramma, pou sundèei tic makrèc akribeÐc akolou-
jÐec twn δ-sunartht¸n S kai T , pou prokÔptoun gia opoiad pote braqeÐa,
akrib  akoloujÐa A ½ B ³ C thc kathgorÐac A, ìpwc faÐnetai kai sta
epìmena sq mata

· · · −→ Sn+1(C) δ ///o /o /o /o /o

²²

Sn(A) //

²²

Sn(B) //

²²

Sn(C) δ ///o /o /o /o /o /o

²²

Sn−1(A)

²²

// · · ·

· · · −→ Tn+1(C) δ ///o /o /o /o /o Tn(A) // Tn(B) // Tn(C) δ ///o /o /o /o /o /o Tn−1(A) // · · ·
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(antÐstoiqa

· · · −→ Sn−1(C)
δ ///o /o /o /o /o

²²

Sn(A) //

²²

Sn(B) //

²²

Sn(C) δ ///o /o /o /o /o /o

²²

Sn+1(A)

²²

// · · ·

· · · −→ T n−1(C)
δ ///o /o /o /o /o T n(A) // T n(B) // T n(C) δ ///o /o /o /o /o /o T n+1(A) // · · · )

I O omologiakìc δ -sunartht c T , eÐnai kajolikìc an, dojèntoc
enìc �llou δ-sunartht  S ki enìc fusikoÔ metasqhmatismoÔ f0 : S0 → T0, up-
�rqei ènac monadikìc morfismìc S → T = {fn : Sn → Tn} twn δ-sunartht¸n
S kai T , pou epekteÐnei ton f0 en¸
o sun-omologiakìc δ-sunartht c T , eÐnai kajolikìc an, dojèntoc
enìc δ-sunartht  S kai tou fusikoÔ metasqhmatismoÔ f 0 : T 0 → S0, up�rqei
ènac monadikìc morfismìc T → S = {fn : T n → Sn} twn δ-sunartht¸n S kai
T , pou epekteÐnei ton f 0.

Met� tic genikeÔseic kai touc orismoÔc pou prohg jhkan, parousi�zoume
to je¸rhma pou anafèretai sthn kajolikìthta twn par�gwgwn sunartht¸n.

3.8.3 Je¸rhma. JewroÔme ìti h kathgorÐa A èqei arket� probolik� an-
tikeÐmena. Tìte, gia k�je dexi� akrib  sunartht  F : A → B, oi arister�
par�gwgoi sunarthtèc tou LnF sqhmatÐzoun ènan kajolikì δ-sunartht .

Apìdeixh: H apìdeixh ja gÐnei gia touc arister� par�gwgouc LnF tou
dexi� akriboÔc sunartht  F : MΛ → Ab kai mporeÐ na genikeujeÐ gia k�je
perÐptwsh dexi� akriboÔc sunartht  metaxÔ abelian¸n kathgori¸n
F ′ : A → B, me thn A na diajètei arket� probolik�.

'Estw, loipìn, ìti o T∗ = {Tn, δn} : MΛ → Ab eÐnai ènac omologiakìc
δ-sunartht c kai ìti dÐnetai o fusikìc metasqhmatismìc φ0 : T0 → F . Ja
deÐxoume ìti o φ0 dèqetai mia monadik  epèktash s' èna morfismì φ : T∗ → L∗F
metaxÔ δ-sunartht¸n. Upojètoume, epagwgik�, ìti èqoun oristeÐ oi fusikoÐ
metasqhmatismoÐ φi : Ti → LiF , gia 0 ≤ i < n kai ìti antimetatÐjentai me
ìla ta antÐstoiqa diaforik� δi. PaÐrnontac èna A ∈ Ob(MΛ), kai mia braqeÐa
akrib  akoloujÐa K ½ P ³ A, me to P probolikì, �ra me LnF (P ) = 0,
prokÔptei to epìmeno antimetajetikì di�gramma, me tic akribeÐc seirèc tou
orismoÔ twn δ-sunartht¸n:
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Tn(A)
δn ///o /o /o /o /o /o Tn−1(K) //

φn−1

²²

Tn−1(P )

φn−1

²²
0 // LnF (A)

δn ///o /o /o /o /o Ln−1F (K) // Ln−1F (P ). (7.4)

Epeid  o δn : LnF (A) → Ln−1F (K) eÐnai monomorfismìc, �ra up�rqei ènac
monadikìc morfismìc φn : Tn(A) → LnF (A), pou antimetatÐjetai me ta di-
aforik� δn. Prèpei na deÐxoume ìti o φn eÐnai fusikìc metasqhmatismìc, pou
dÐnei antimetajetik� sq mata me ta δn, gia ìlec tic braqeÐec, akribeÐc akolou-
jÐec.

(ı̇) Gia na doÔme an o φn eÐnai fusikìc metasqhmatismìc, èstw f : A′ → A
kai mia braqeÐa, akrib c akoloujÐa K ′ ½ P ′ ³ A′, me to P ′ probolikì. H
probolikìthta, loipìn, tou P ′, mac dÐnei to morfismì g : P ′ → P , pou ep�gei
(lìgw kajolikìthtac tou pur na tou morfismoÔ: [P → A]) thn apeikìnish
h : K ′ → K, ìpwc faÐnontai sto akìloujo antimetajetikì di�gramma:

0 // K ′ //

h
²²

P ′ //

g

²²

A′ //

f

²² ²O
²O
²O

0

0 // K // P // A // 0.

Prèpei dhlad  o φn n' antimetatÐjetai me ton omomorfismì f thc MΛ, pr�gma
pou shmaÐnei ìti to meg�lo parallhlìgrammo tou diagr�mmatoc pou akolou-
jeÐ, prèpei na eÐnai antimetajetikì:

Tn(A′)
Tn(f) ///o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o

δ

''

'g 'g 'g 'g 'g 'g 'g 'g 'g

φn(A′)

²² ²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O

Tn(A)

δww

w7w7w7w7w7w7w7w7w7

φn(A)

²² ²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O
²O

Tn−1(K
′)

((PPPPPPPPPPPP

φn−1

²²

Tn−1(h) // Tn−1(K)

φn−1

²²

wwnnnnnnnnnnn

Tn−1(P
′)

φn−1

²²

Tn−1(g) // Tn−1(P )

φn−1

²²
Ln−1F (P ′)

Ln−1F (g)
// Ln−1F (P )

Ln−1F (K ′)

77nnnnnnnnnnnn

Ln−1F (h)
// Ln−1F (K)

ggPPPPPPPPPPP

LnF (A′)
LnF (f)

///o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o

δ
77

7w 7w 7w 7w 7w 7w 7w 7w 7w

LnF (A)

δ

gg

g'g'g'g'g'g'g'g'g'

Apì thn antimetajetikìthta tou mesaÐou apì ta orjog¸nia kai twn trapezÐwn,
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pou sqhmatÐzontai metaxÔ tou meg�lou kai tou mesaÐou orjogwnÐou, paÐrnoume
tic sqèseic:

δ ◦ LnF (f) ◦ φn(A′) = Ln−1F (h) ◦ δ ◦ φn(A′) = Ln−1F (h) ◦ φn−1 ◦ δ
= φn−1 ◦ Tn−1(h) ◦ δ
= φn−1 ◦ δ ◦ Tn(f). 'Ara

δ ◦ LnF (f) ◦ φn(A′) = δ ◦ φn(A) ◦ Tn(f).

Apì to sq ma (7.4) ìmwc, o δ : LnF (A) → Ln−1F (K) eÐnai monomorfismìc
kai �ra mporeÐ na diagrafeÐ apì ta dÔo mèlh thc parap�nw isìthtac, opìte
paÐrnoume thn isìthta LnF (f)◦φn(A′) = φn(A)◦Tn(f), dhlad  thn antimeta-
jetikìthta tou meg�lou parallhlogr�mmou. Akìmh, an A = A′ kai f = 1A

katal goume sto ìti o φn(A) den exart�tai apì thn epilog  tou probolikoÔ
P .

(ı̇ı̇) Tèloc, gia na deÐxoume ìti o φn antimetatÐjetai me touc δn, paÐrnoume
th braqeÐa, akrib  akoloujÐa A′ ½ A ³ A′′ kai thn probolik  parousÐash
K ′′ ½ P ′′ ³ A′′ tou A′′, me to P ′′ probolikì. MporoÔme, epomènwc, na
kataskeu�soume omomorfismoÔc f : P ′′ → A (afoÔ to P ′′ probolikì) kai
g : K ′′ → A′ (afoÔ o A′ ½ A monomorfikìc), pou k�noun to di�gramma

0 // K ′′ //

g

²²

P ′′ //

f

²²

A′′ // 0

0 // A′ // A // A′′ // 0

antimetajetikì. Apì to (ı̇) ìmwc, deÐxame ìti o φn eÐnai fusikìc metasqhma-
tismìc kai �ra prokÔptei to epìmeno antimetajetikì di�gramma

Tn(A′′) δ ///o /o /o /o /o /o

φn

²²

Tn−1(K
′′)

T (g) //

φn−1

²²

Tn−1(A
′)

φn−1

²²
LnF (A′′) δ ///o /o /o /o /o Ln−1F (K ′′)

LF (g) // Ln−1F (A′).

Apì ed¸ blèpoume ìti T (g) ◦ δ = δn : Tn(A′′) → Tn−1(A
′) kai omoÐwc

LF (g) ◦ δ = δn : LnF (A′′) → Ln−1F (A′) ki ètsi exasfalÐzetai h antimeta-
jetikìthta tou akìloujou diagr�mmatoc:

· · · −→ Tn+1(A
′′)

δn+1 ///o /o /o /o /o

φn+1

²²

Tn(A′) //

φn

²²

Tn(A) //

φn

²²

Tn(A′′)
δn ///o /o /o /o /o

φn

²²

Tn−1(A
′) −→ · · ·

φn−1

²²
· · · −→ Ln+1F (A′′)

δn+1 ///o /o /o LnF (A′) // LnF (A) // LnF (A′′)
δn ///o /o /o Ln−1F (A′) −→ · · ·

pou  tan to zhtoÔmeno. ♦
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Parousi�same, ìpwc f�nhke s' autì to teleutaÐo mèroc tou kefalaÐou, tic
epekt�seic kai genikeÔseic pou apaitoÔntan, gia na d¸soume telik� thn kajo-
lik  idiìthta pou qarakthrÐzei thn oikogèneia L∗T = {LnT}n≥0 twn arister�
par�gwgwn sunartht¸n tou prosjetikoÔ sunartht  T . AntÐstoiqa sumper�s-
mata bgaÐnoun kai gia touc dexi� par�gwgouc R∗T = {RnT}n≥0.

Aut  h kajolik  idiìthta qarakthrÐzei touc par�gwgouc sunarthtèc wc
{Kan epekt�seic} ([MacLane, [ML]], [HS, IX § 5]), gegonìc pou mac epitrèpei
na orÐsoume par�gwgouc sunarthtèc se plaÐsia, sta opoÐa den up�rqoun
probolikèc   enriptikèc epilÔseic, all� gnwrÐzoume thn Ôparxh Kan-epekt�sewn
apì th genik  JewrÐa Kathgori¸n.
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