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Lateral molecular interaction on heterogeneous surfaces
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Abstract

Using inverse gas chromatography, the added to � differential energy of adsorption due to lateral interactions of
molecules adsorbed on a heterogeneous solid surface was determined. The method was applied to three gas/solid
systems, namely, 1-butene/cadmium sulphide, ethane/calcium oxide, and trans-2-butene/marble. By plotting the
dimensionless lateral interaction energy against time t in parallel with the energy distribution function against � and
t, the appearance of curves against t is quite similar in all three systems. This was explained on the basis of Bakaev
and Steele model for adsorption sites, i.e. on the existence of three kinds of sites. © 2002 Elsevier Science B.V. All
rights reserved.
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1. Introduction

One is impressed by the various ways used to
overcome the difficulty or rather impossibility to
obtain an analytical solution of the classical in-
tegral equation

�(p,T)=
��

0

�i(p,T,�)f(�)d�

describing adsorption of gases on heterogeneous

surfaces. Any two of the functions � (experi-
mental adsorption isotherm), �i (unknown local
isotherm), and f(�) (unknown distribution func-
tion of the adsorption energy �) are needed to
calculate the remaining one, as described in two
well-known books [1,2]. Recently [3–6], how-
ever, the above integral equation was circum-
vented altogether, and only a model for
�i(p,T,�) was adopted, namely, the fairly general
isotherm of Jovanovic, to calculate the local ad-
sorption energies, �, the local monolayer capac-
ities, cmax* , the values of �i(p,T,�), and the values
of f(�), all as a function of time, t, directly from
experimental data. These data were obtained by
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the inverse gas chromatography technique
known as Reversed-Flow Gas Chromatography
(RF-GC) [7].

In the present work the same methodology
was adopted to calculate as a function of time
the energy involved in lateral interactions for
pairs of molecules on the solid surface, and its
connection with the adsorption energy distribu-
tion. The systems used as examples of the calcu-
lations were 1-butene/cadmium sulphide,
ethane/calcium oxide, and trans-2-butene/marble.

2. Experimental

The experimental arrangement for the mea-
surements has been described in previous publi-
cations [3–5,8,9], and in a recent review [10].
The carrier gas (pure nitrogen dried with silica
gel or 13X molecular sieve) is running through
the so-called sampling column (ca. 120 cm×4
mm ID stainless steel tube) with a flow-rate of
20–30 cm3 min−1. At about the middle of the
sampling column a glass tube (28–43 cm×4
mm ID) is connected perpendicularly, having its
longer part L1 (23–35 cm) empty (diffusion
column) and its smaller part L2 (5–8 cm) filled
with 0.5–1 g of the granular solid adsorbent
(solid bed). The other end of L2 part is sealed
by means of an injector septum. The experimen-
tal procedure starts with the injection of a small
volume (0.5–1 cm3 at atmospheric pressure) of
the adsorbate gas through the septum onto the
solid bed. No carrier gas is running through the
glass tube L1+L2, although this is continually
filled with a stagnant volume of it.

The adsorbate injection is followed by re-
peated flow reversals of short duration (10–60 s)
of the carrier gas flowing only through the sam-
pling column. This is easily done by means of a
four-port gas valve connecting the one end of
the sampling column to the inlet of the carrier
gas, and the other end to the detector system.
The flow-reversals create narrow fairly symmet-
rical sample peaks being recorded, with their
height H or their area under the curve calcu-
lated and printed, together with the correspond-
ing time t, by a suitable chromatographic

processor. Examples of such sample peaks one
can find in Figure 2 of [13].

The 1-butene (1-C4H8), and the ethane (C2H6)
were obtained from Air Liquide (Athens,
Greece). Both had a purity of 99.000–99.999%.
The trans-2-butene was a Matheson Gas
Product of Research Grade. The nitrogen carrier
gas was obtained from Linde (99.99% N2). The
cadmium sulphide (CdS) was a Merck product
of analytical grade. The calcium oxide (CaO)
was a product of FLUKA (97%), and the
CaCO3 was a Penteli marble (Athens, Greece).

3. Theoretical

All calculations in the new method mentioned
above are based on the series of the sample
peaks of considerable height H ‘sitting’ on the
otherwise continuous asymmetric signal. The
mathematical equation describing the depen-
dence of H on time t has been derived and
published [8–10]:

H1/M= �
4

i=1

Ai exp(Bit) (1)

It describes the so-called diffusion band of the
RF-GC method, M denoting the response factor
of the chromatographic detector, and Ai, Bi be-
ing functions of the physicochemical quantities
pertaining to the adsorption phenomena due to
a gas adsorbed on the heterogeneous surface of
a solid adsorbent. By using non-linear least-
squares regression analysis [8–10], one can cal-
culate from the values of the experimental pairs
H, t the values of Ai, and Bi of Eq. (1). From
these, combined with the corrected linear flow
velocity � (cm s−1) of the carrier gas, the length
L1 (cm) of the empty diffusion cylindrical
column, the cross-sectional area ay (cm2) of the
void space in the solid bed L2 (placed in contin-
uation of the diffusion column), and the amount
of solid per unit length of L2, as (g cm−1), one
calculates the adsorption rate constant k1 (s−1)
of the gas adsorbate on the solid surface, to-
gether with its calibration factor of the detector
g (cm/mol−1 cm−3), and the diffusion coeffi-
cient of the adsorbate D1 (cm2 s−1) in the car-
rier gas [9,10]. The above calculations can be
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easily carried out by a relatively simple PC pro-
gramme in GW-BASIC, already published as
Appendix in [9,10], and also as Supporting In-
formation to [3,5] available via the Internet.

The adsorption energy, � (kJ mol−1), the local
monolayer capacity, cmax* (mol g−1), the local
isotherm value �i, and the adsorption energy
distribution function, f(�) (mol2 kJ−1 g−1),
mentioned in Section 1, are easily found from
the values of Ai, Bi, �, L1, ay, as, k1, g, D1, as
described elsewhere [3–6,10]. The various ap-
proximations used in the above calculations are
stated in detail there, especially in [3–5]. Here
only the equations needed for the lateral molec-
ular interactions are briefly exposed.

First, two intermediate quantities, cy (gaseous
concentration above the solid at the end point
of the solid bed in mol cm−3), and c s* (local
adsorbed equilibrium concentration in mol g−1

of the adsorbate) are given by the relations [10]:

cy=
�L1

gD1

�
4

i=1

Ai exp(Bit) (2)

c s*=
ay

as

k1

�L1

gD1

�
4

i=1

Ai

Bi

[exp(Bit)−1] (3)

The desired energetic quantities �, cmax* , �i and
f(�), mentioned before, are found from the
derivatives �c s*/�t, �c s*/�cy, �2c s*/�cy

2 and
�2c s*/�cy�t, previously published [3–5,10,11]:

�c s*
�t

=
ay

as

k1

�L1

gD1

�
i

Ai exp(Bit)=C1 (4)

�c s*
�cy

=
ay

as

k1

�
i

Ai exp(Bit)

�
i

AiBi exp(Bit)
=C2 (5)

�2c s*
�cy�t

=
ay

as

k1�
�

�

�

�

1−

��
i

Ai exp(Bit)
n��

i
AiBi

2 exp(Bit)
n

��
i

AiBi exp(Bit)
n2 �

�

�

�

�

=C4 (7)

Dividing Eq. (6) by Eq. (5), there results [3,10]

KRT=
−C3

C2

=RTK0 exp
� �

RT
�

(8)

where K is Langmuir’s constant, R is the gas
constant and K0 is given by the relation

K0=
h3

(2�m)3/2(kT)5/2 (9)

k being the Boltzmann’s constant, m the molec-
ular mass, and h the Planck’s constant.

From Eq. (8), an obvious relation obtains the
mean adsorption energy:

�=RT [ln(KRT)− ln(RT)− ln K0] (10)

The other adsorption quantities cmax* (local
monolayer capacity), �i (local adsorption
isotherm) and f(�) (old adsorption energy distri-
bution function) are derived from Eqs. (3)–(8)
above, as described in detail elsewhere [3–5,10]:

cmax* =c s*+
C2

KRT
(11)

�i=
c s*

cmax*
=1−

C2

cmax* KRT
(12)

f(�)=
1

RT
�(KRT)C1+C4

�(KRT)/�t
−

C2

KRT
n

(13)

It has been pointed out recently [11] that a
combination of cmax* , �i and f(�):

�(� ;t)=
�i f(�)
cmax*

(14)

is a better choice for the true energy distribution

�2c s*
�cy

2 =
ay

as

k1

gD1

�L1

�
�

�

�

�

1

�
i

AiBi exp(Bit)
−

��
i

Ai exp(Bit)
n��

i

AiBi
2 exp(Bit)

n
��

i

AiBi exp(Bit)
n3 �

�

�

�

�

=C3 (6)
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function, being an explicit function of the random
variable � and the structural parameter t. When
�(� ;t) is plotted [11] against �, it has a purely
Gaussian shape and can be normalised to unity
with respect to the energy. If, however, �(� ;t) is
plotted against t, it gives in all systems studied
[11] three probability bands. This was interpreted
as showing three kinds of adsorption sites of
different energy and relative population [11], ac-
cording to the mechanism proposed by Bakaev
and Steele [12] for the computer simulation of the
argon adsorption on titanium dioxide. Obviously,
this is not an arbitrary assumption but a conclu-
sion based on experimental facts [11] like those of
parts (b) in Figs. 1–3 here. Their calculations
were based, among others, on the lateral interac-
tions between adsorbed molecules. This gave us
the inspiration to try the direct calculation of the
lateral interaction energy from our experimental
chromatographic data mentioned in the foregoing
text. Such a calculation has never appeared in the
literature, as far as we know.

One can start from the quantity KRT= −C3/
C2 calculated experimentally by means of Eq. (8),
and showing that K=K0exp(�/RT). This can be
modified to include lateral interactions as

K �=K0 exp
� �

RT
+��i

�
=K exp(��i) (15)

where � is a dimensionless parameter given by

�=
z�

RT
(16)

� being the lateral interaction energy and z the
number of neighbours for each adsorption site.
Thus, �iz� is the added to � differential energy of
adsorption due to lateral interactions.

Our original starting point to derive Eqs. (8)–
(14) was Jovanovic isotherm, critically analysed
before [3]. It is also necessary here to incorporate
in it the lateral interaction energy of Eq. (16), as
follows:

�i=1−exp(−K �p)=1−exp[−Kp exp(��i)]

=1−exp[−KRTcy exp(��i)] (17)

where the partial pressure p has been replaced by
RTcy, according to the ideal gas law. The partial

derivative ��i/�cy needed now can be obtained by
writing Eq. (17) as a function of �i and cy,
F(�i, cy)=0, and finding ��i/�cy= − (�F/�cy)/
(�F/��i). The result is

Fig. 1. Experimental behaviour of the adsorption energy distri-
bution function and the lateral molecular interaction for the
adsorption of 1-butene on cadmium sulphide, at 323.2 K.
(a) The distribution function �(� ;t), as defined by Eq. (14),
plotted against the adsorption energy �. (b) The function
�(� ;t) plotted against the structural parameter of time t. (c)
The lateral molecular interaction energy ��i (dimensionless),
defined by Eq. (15) and Eq. (16), plotted against the experi-
mental time t.
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Fig. 2. Experimental behaviour of the adsorption energy distri-
bution function and the lateral molecular interaction for the
adsorption of ethane on calcium oxide, at 323.2 K. (a) The
distribution function �(� ;t), as defined by Eq. (14), plotted
against the adsorption energy �. (b) The function �(� ;t) plot-
ted against the structural parameter of time t. (c) The lateral
molecular interaction energy ��i (dimensionless), defined by
Eq. (15) and Eq. (16), plotted against the experimental time t.

��i

�cy

=
KRT exp(��i) exp[−KRTcy exp(��i)]

1−KRTcy� exp(��i) exp[−KRTcy exp(��i)]
(18)

As a first approximation, we assume that �i=
0, i.e. a bare surface. Then, exp(��i)=1 and
Eq. (18) simplifies to

1
��i/�cy

=
exp(KRTcy)

KRT
−�cy (19)

The left-hand side of the above equation can be
calculated by inverting Eq. (11) of [3]. Substitut-
ing in that the Eq. (5) for �c s*/�cy and the Eq.
(11) for cmax* , one obtains

1
��i/�cy

=
c s*
C2

+
1

KRT
(20)

Thus, equating the right-hand sides of Eqs. (19)
and (20), and solving for �, we obtain

�=
1
cy

�exp(KRTcy)−1
KRT

−
c s*
C2

n
(21)

This is the first approximate calculation (for
�i=0) of the interaction parameter � of Eq.
(16), obtained as a function of time, since all
quantities on the right-hand side of Eq. (21) are
known functions of time and can be calculated,
namely, cy by Eq. (2), KRT by Eq. (8), cs* by
Eq. (3), and C2 by Eq. (5).

A second approximation of � can be found
by correcting KRT, as calculated by Eq. (8)
from C2 and C3, through division by exp(��i),
using the first approximation for � and the cal-
culated �i by means of Eq. (12). This correction
is dictated by the definition (Eq. (15)), and can
be repeated until the new calculated value of �

differs from the previous one less than a chosen
fraction of it, say 0.1.

4. Results and discussion

By entering the pair values of H, t into the
3000–3040 DATA lines of the GW-BASIC pro-
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gramme given in the Supporting Information of
[3,5] or in the Appendix of [10], together with the
other known quantities needed in the INPUT
lines, one obtains the values of �, cmax* , �i and f(�)
as a function of chosen times. The following
additional lines can be added to the PC pro-
gramme of [10] to obtain simultaneously the func-
tion �(� ; t) of Eq. (14), as well as the values of �

being calculated by means of Eq. (21), again as a

function of chosen times. The new complete GW-
BASIC programme is available from the corre-
sponding author.

Some representative results are given in Figs.
1–3, where the time profile of the dimensionless
lateral interaction energy ��i, introduced by Eq.
(15) and Eq. (16), is shown in parallel with the
energy distribution function �(� ; t), plotted
against � and t.

Table 1
Characteristics of the plots of the energy distribution function �(� ; t) against time at 323.2 K in the first two gas/solid systems, and
333.2 K for the last system

% Curve areasEnergy of maxima Time of minimaTime of maximaGas/solid
(kJ mol−1) (min)(min)

CBAtBC�CtA tABtB tC �A �B

54.4 11.48 67.6820.841-C4H8/CdS 16.4 38.2 85.2 92.2 90.4 86.2 25.9
55.4 10.52 47.2042.28C2H6/CaO 8.2 24.0 85.2 90.8 89.0 80.0 14.7

79.4 35.7 92.4 23.79 62.05trans-2-C4H8/CaCO3 24.1 52.6 124.7 14.1691.6 89.3
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the assumption that, after filling some (or all)
minima of adsorption potential, the adsorbed
molecules create new adsorption sites by providing
support to new molecules held at positions which
were initially local maxima (saddle points) of the
surface. This support to molecules interacting
weakly with the surface is due to favourable lateral
interactions with the neighbouring adsorbate
molecules, thus enhancing the overall probability
of adsorption and facilitating completion of the
first monolayer. Finally, a third kind of adsorption
with smaller energy was attributed to molecules
very loosely bound to the substrate, in its second
layer. This layer begins to grow when the first layer
is almost totally completed and serves as a surface
of adsorbent for the second layer. The above three
steps of the adsorption mechanism of Bakaev and
Steele [12], based only on computer simulated
results, are strongly supported by the present
experimental results. Parts A of the plots in Figs.
1–3 follow the adsorption at potential minima
appearing early in time. Parts B are due to the new
adsorption sites created later by lateral interactions
with previously adsorbed molecules. And parts C
are attributed to adsorption on the second layer.

Althought the three Figures describe the
experimental behaviour of three different
hydrocarbons adsorbing on three quite different
solid surfaces, the appearance of all curves is quite
similar. The same applies to other systems. In Table
1, the characteristics of the plots in Fig. 1(b), Fig.
2(b), Fig. 3(b) are listed.

It is worth noting that the three maxima and the
two minima in Fig. 1(b), Fig. 2(b), Fig. 3(b) almost
coincide in time with the three maxima and the two
minima of Fig. 1(c), Fig. 2(c), Fig. 3(c), respectively.
This points to a probable connection between them,
adding a further support to the mechanism of
Bakaev and Steele [12]. The relative areas under the

Fig. 3. Experimental behaviour of the adsorption energy distri-
bution function and the lateral molecular interaction for the
adsorption of trans-2-butene on Penteli marble, at 333.2 K. (a)
The distribution function �(� ;t), as defined by Eq. (14), plot-
ted against the adsorption energy �. (b) The function �(� ;t)
plotted against the structural parameter of time t. (c) The
lateral molecular interaction energy ��i (dimensionless),
defined by Eq. (15) and Eq. (16), plotted against the experi-
mental time t.

Fig. 3

The model of Bakaev and Steele [12], based on
the computer simulation of the argon adsorption
on titanium dioxide, can be adopted again. It uses
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curves A, B and C of the plots in Fig. 1(b), Fig.
2(b), Fig. 3(b) are given in Table 1. These areas
obviously represent the relative quantities of the
adsorbate gas in the three adsorption states.
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