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ABSTRACT. A formula for the Euclidean distance of each verfex of an m-simplex i K
{rom its barvcenter is ghvem, This is used fo derfve an upper bound for the Euclidean distance
of any point i an mesimplex in | from its barycenter, Finally we apply the above result to
obtain an errar estimate for the method of Bisection in ' (applied to root-finding) and we
give a prood of convergence of this method,

1. Introduction.

Let Si= <X, Xi...., Xm> be an m-simplex (generalized triangle) in K.
We “bisect” simplexes as follows. We choose a longest edge, say <X, K=,
of 55 calculate its midpoint ¥ = (¥ +X)/2 and define two new m-simple-
xes ST and S7, by replacing X by Y and ¥; by ¥ respectively. Next, we bi-
sect each ETk. k=1 2 to form four new m-simplexes E?H, k=12 3.4,
and so on. This “generalized bisection” process has a number of applica-
tions: see, e.g. [4], [5], [7], [10], [11], [15]. In addition, several methods for
the solution of a system of nonlinear equations

(L1 F" (X) = @, where F" =, s, .., fa) : 5" = R" is continuous
and " =1(0,0..00 ER"

which implement the “generalized bisection” process have been proposed in
the past few years, [5], [7], [11).
Define now the diameter [}, to be the kength of the longest edge among the
edges of an m-simplex 5 which is formed after p repeated iterations of the
“generalized bisection” prcu:ess applied to an original m-simplex SinR". In
[6, Theorem 3.1] an explicit bound is obtained for the rate of convergence

of Dy:

Dy = h."ﬁ-".?jl Dn where |p/m| is the largest integer less than or
equal to p/m. Better estimates of the rate of convergence of [y and criteria
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of convergence of the “generalized bisection” process have been given in
(1], [9], [12], [14] for triangles.

In this paper, we first prove that the Euclidean distance of each vertex
X 0=i=m of 8" from its barycenter K" is given by

T W | [y 3 N— .o gt | ¥
1%~ K uz—mﬂ[lﬂ1r X=Xl = 2 F (X =Xall
i R

This is used to derive un upper bound for the Euclidean distance of any
point in 8" from K". Then we apply the above results to obtain an error
estimate for the “generalized bisection” method applied to root-finding. To
do this we consider the barycenter of S" as an approximate solution of the
systemn (1.1), and next, we prove that after p repeated iterations of the
“generalized bisection” method, applied to an original n-simplex S3, the
error for the approximate solution obtained as described above does not
exceed nfDE — (n — 1) M} / 2n)"? / (nt+1), where M, is the length of
the smallest edge of 5. It is also shown that this error estimate is not

greater than n{ﬁ,ﬂ'ﬂwﬂJDu J/(nt1). Moreover a proof of convergence of
the above method is given.

2. Preliminaries.

Definition 2.1. The points Xo, X), ..., Xm in R are said to be linearly
independent if the vectors Xi — Xo, i = 1, 2, ..., m are linearly inde-
pendent. An m-simplex in ‘R", 0 = m = n, is the closed convex hull of
m+1 linearly independent points in I called its vertices ({2], [3], [6], [7],
[11], etc.).

We shall denote m-simplexes by 5" = <X;, X, ..., Xu> where the
set {Xo, Xi....¥m] determines the set of its vertices.

Definition 2.2. [f 5" = < X3, Xi ,..., Xn > is an m-simplex in R"
then the, (m—1)-simplex < X Xi, ... Xety Koty ooy Xm > will be called
the ith face of §", while the I-simplex < X, X > 0sk<j<m wil
be called edge of S", ([3], [5], (6], [7], etc.).



AN ERROR ESTIMATION FOR THE METHOD OF BISECTION N R" 163

Definition 2.3. The diameter D, of an m-simplex 5™ in R" is the length
of the largest edge of 5", while the microdiameter M of 5™ is the length of
the smallest edge of 5", where the Fuclidean norm is used to measure
distances.

We shall denote the Euclidean distance between the points A and B hy
diA, B).

Definition 2.4. ([5], (6], [7], [11]). Let 57 =< Xs X1 ,... Xu > bean
m-simplex in K", let < X, X; > be the/a largest edge of S and Jet
Y =(Xi+ XJ)/2 be the midpoint of < X, X; > Then the bisection of
Sy is the ordered pair of the m-simplexes {S]}, S13) where

'5?} gt {':{ﬂl xl' e ':‘:Il'll: lil--I.! xl"f‘ Jreeg IH} FEEET] xm -:':"
and '5?; = xlh -'..:.? greep -:.:-' P *x_.f'.l: I"II:- xpr pranp -xﬂ':l =

The m-simplexes S| and S); mﬁ'be'caﬂedfﬂwermﬂexanduppersnnﬂgx
respectively corresponding to 5%, while both 57 and S will be called
elements of the bisection of §%.

Definition 2.5. Suppose that Sy is an n-simplex which includes at least
one solution of the system of equations (1.1). Suppose further that (S}, §12)
is the bisection of Sa and that there is at Jeast one solution of the system
(1.1) in some of its elements. Then this element will be called selected
n-simplex produced after one bisection of §'; and it will be denoted by S,
Moreover, if there is at least one solution of the system (1.1) in both
elements, then the sefected n-simplex will be the lower simplex corre-
sponding to 5. Suppose now that the bisection is applied with 5 replacing
S5 giving thus the 53. Suppose further that this process continues for p
iterations. Then we call 5y the selected n-simplex produced after p iterations
of 5.

Notation 2.6. The existénce, of at least one solution of the system of
equations (1.1} in the interior of an oriented n-simplex Sy, ([2], [3], [6], [7],
11}, etc.), can be secured using the non-zero value of the topological
degree of F" at @" relative to 55, ([2], [3], [4], [5], [8], [11], etc.), denoted
deg (F", S5, ©"), More specifically if F" ;: S; —~ R" is continuous and
F" (X) # 8" anywhere on the oriented boundary b(S%), ([2], [3], etc.), of
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S then deg (F", St 87 is defined. Consequently, if deg (F", S5, @) # 0
then by Kronecker's theorem, [8], the system of equations (1. 1) has at
least one solution in the interior of Si. Suppose now that (S, Si) is the
bisection of Si and that there are not solutions of the system (1.1) on
b(ST) or b(ST). Then the topological degree is additive, i.e.

deg (F", S, @") = dea (F", 511, @7 + deg (F", 5, ©").

Consequently, deg (F", 87, ®") # 0 and the process continues with S|
replacing 54, and so on. Note that the topological degree can be easily
evaluated by means of the algorithms described in [5], [7], [11] and [13].

3. Results.

Definition 3.1. Let §™ = < Xy, X, ,..., Xn > be an m-simplex in R,
0 <m<n Then the barycenter of 5", ([2], [3], etc.), denoted K", is a
point in R" such that

I m
Km:ﬁm—ﬂ éx}_

Remark 3.2. By convexity, the barycenter of any m-simplex 5" inR" is
an interior point of §°.

Definition 3.3. Let §™ = < Xo, X1 ..., X > be an msimplex in R",
0<m=n, andlet K™ be its barycenter. Then the radius of 5", denoted
A™ is an I-simplex in K" whose vertices are the K~ and a vertex X, of
§™, such that d(Xs K" = max f(d (X, K™)}. The distance d(Xa, K")

is called length of the radius of 8"

Notation 3.4. Let 8" = < ¥4, Xi ..., ¥m > be an m-simplex in R,
D=m=n, andlet TT =< Xo, Xi sy Kicty Xint oo Xm >, 0 i < m,
be the ith face of S™. Then the barycenter of T\  will be denoted by

KT and will ba ghoan by # 5 Xu Moreover, i T7"=<Xo Xi ..
kv

Xty Xiet yooes Xty Xiot o Xm >, where 0= i< < m isthe j-th face
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of TT ' then its barycenter will be denoted by KT ° and will be given

1 T
ki

Lemma 3.5. Let §" = < Xo, Xi ,.... X > be an m-simplex in R,
0=m=n, andlet K" be its barycenter. Suppase that X is any vertex of
S™ and that K™ ' is as in Notation 3.4. Then the following are valid

(a) The points X, K™ and K7 ' are collinear points.
m, _ M m—i
fHdt'J{r,HJ—defKaH. .
Proof. To prove (a), we consider the vectors V, = K' — ¥ and

V.= I{r?"l—:'{i. Also, we set X = (M1, Xh2 oees nk,n..'lr where xp E R
for 0=k=m and 1=p=nThen

‘U. = | [ % |:_R.n_|_ + Hir + P o ]":l:n.l:l' = Hi||] f—

[# (xon + %10 + ... + Xma)— 1I.r|.] ]T

or

1
{3- lW1 — m [‘.{ﬁ‘: + ik b Ki=i0 — TIXL + A o R K, ] Lo

1 T
E-_F-_i [:«:u_n. T ¥in T oo T R ™ MXin T Xien T oo T Emn ] ]
and
o 1
V.= I'-I'I_{xu'l + X+ o X Mg o T Ema) = X ] gaaig
1 T
;1-[:-::...1 + ®n F oo F Hepn + Xgn + o F Xenn) — Kin
or

1
3.2 Vi = [ ';I Kog + Kip oo+ XM = MXi + Mg T . T Xmg ] i
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1
m | %an + X+ oo T Krg — M + Hag + .o+ Hpn l ]T
Combining (3. 1) and (3. 2) gives
m+ 1V, —mV,=8",

which proves the part (a) of the lermma.
To prove (b) we implement the following relationships

: e 1
|40, K0 [ = 2, [ 15 a4t = ot + s+ 4 ]
or
: 1 =
(3. 3) [ diX;, Hm] l = {m-i-l,'ll pgl {H'I:I.]: + Lo Hir1p — M¥ip T Kivrp L g o HM}J

and

[d{l‘h, HT_]]'r =z I%{m,p + o KXperp — méip + g F o+ Keng) [

or
m=]1 |2 1 L
(3. 4} [dﬂ“:i. K ],F] = ?ﬂiz] (%op + o + Mg — mxip + Kng + ... '|"'-"[:m.,|::|2
=
Combining (3. 3) and (3. 4) gives
(m + 1) d(X,, K"} = m diX, KT
which proves the part (b) of the lemma. O
Lemma 3.6. Let S" = < Xo, Xi ,.... Xn > be an mesimplex in
R",0=m<n Suppose that X; and X, i # ] are any vertices of §"

and let K7 " and K * be as in Notation 3. 4. Then the following are valid

(a) The points X;, K7 "and KT * are collinear points.

®d X KTy =2"L a(x KT

biyl
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Proof. The proof is similar to the proof of Lemma 3. 5. O
Lemma 3.7. Let §° =< X, X;, X: > beaf—sﬁn;ufexmﬁﬁ-LerKi
beapmhtﬂnam:ﬂdgﬂﬂf.ﬁﬁsaym < Xi, Xz > such that
diXi, X = ‘:;"d (X1, Xa,
where AER and A>1 Then
1 A
[d{Xa, kaIZ:deﬂ':&, X)P +

; L rdtXe, XuJF — ‘:;I [d(X;, Xz)J’

Proof. We consider the interior angle a of the triangle A(X, X, Xi), as
shown in Fig. 1.

Figure 1.

/

.:'-.1 S — P j;z

The law of consines in  H¥o X X and  A(Xe X Xi)  vields
(3.5) [dXa, XK = [diXe, XOF + [d{X, X' — 2d(Xe, Xi) d{Xi, Xs) cosa
and

(3.6) [d(Xs, Xa)J = [d(Xe, Xa)) + [d(Xy, X2)F — 2d(Xo, X,) d(X,, Xz} cosa
Combining (3.5) and (3.6) we get

(X0, X)T' = [d(¥e, X)T + [0, Xl

d(Xs, %)

I ; - I
A, Xa) FId00, X1 + [diX, X" = [diXs, X2]"}

[d(Xe, XY = % [A0%s, XT" + [d(Xe, X&)
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— 2 0, XaP+ 2L ke, X

or

(A0, X = < [d{Xo, XF + % R

X [d(X:, X2)].

Thus the lemma is proven. O

Theorem 3.8. Let 5" = < Xi, Xi,..., Xn > be an m-simplex in R",
@=m<n and let K~ be its barycenter. Then for each vertex X,
0<ism, of § weobtain

L)

I m—I
07) diX, K*) = [ 2, (a0 Xor' - i o 0% X7 |

Proof. The proof will proceed by induction on m. First assume that
§'= < X5, X, > is an l-simplex in R", then for an arbitrary vertex of §',
say Mo, we have

A%, K') = - d(Xs, X)),
which verifies (3.7).

Assume now that the theorem is true with (m — 1) replacing m, where
m > 1. 5o, assume that for an {m — 1) — simplex 8" in R" we have

(3.8) dX, K™ =11 I o '";': (A, XJF — —— mg 5
3 m m—1 ¢} . (m — 1) k=0 ek
[dXe, X0F %, for 0isim—1)

Also, from (3.8) using Lemma 3.5, we get

m=1

o I_ 5 1 m—2 m=1
(3.9) d(X;, K J—[m_l é [d(Xe, XaT* (m— 1) :Eﬁu :=§+1

[d(Xe, XaT 1'%, for 0<is(m—1)

where the K is the barycenter of the i-th face of S
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Suppose now that 8" is any m-simplex in R, let Xiand X, 0=i=<m,
D<j<m i#j betwo vertices of §" and let TV LKL TR KT
be as in Notation 3.4. Consider the 2-simplex < X;, %, K§ - > as shown
in Fig 2.

X

Figqure 2.

X

i “11:-'1 7 1]

Then from Lemma 3.6 it is apparent that
diX;, KT = “‘—;1 d(X, K779,

From the above relationship using Lermma 3.7, we get

mbp 1 : m=1 ym2n  m=1
(3.10) [diX, K7 JF = = [d(Xs, 21" + i [d(X;, K§ )] 5
[d(X;, KT
Now, by the inductive hypothesis and since
T“:_l =< }:-“r }‘:Jr wmny x{v—l, xi—h Fieg }":m -
is an {m — 1) zimplex in R", we obtain using (3.9) that
o . 1 m | 1 r—1 m
(3.11) [d(X, Kj F . Ea [d(X;, XOF — T Ea |=Eu+|
o4l e

[d{Xe, X0T.

Similarly, from the (m — 1) simplex T =< X, Xi, -y Xit, Xitt, o Xn =
we obtain that
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| m_i = _]._ m . .1 m=1 m
012) WX KVOF =77 & 106 X0F - —— Z 2
b, § bl e
[d{Xi, XaF

Combining (3.10), (3.11) and (3.12) we get

L 1 1 :
[0, KT)F = = [d(X;, X)F + ;éi [, X,)]

1 mi—1 i )
ké] J=Z|-:+1. [d{Xx, X

_m{m_um.j i, |

m—1 ™

1s 1
Twh EXP Dre s & X, A XoF
i, | Lo
ar
w1 3 1 = z 1 - 2
(0%, KTOF = 2 [dX, XOF — = & [d(X;, X0]
i b, |
1~ m mr—1 'E: .
g o éi & [d(X, X))
ar
i 1 ] 1 m—1 m
(B.13) [dX KT == Z [ X — — Z X [diXe X)P
i kobi Il
MNow from (3.13) using Lemma 3.5 we obtain
oK=L s xar -5 F F s xp
K=ot m & 10K X1 '?é, !_I:iﬂlm,m ]

which completes the proof of the theorem. O
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Hemark 3.9. Using Theorem 3.8, it is easy to determine the radius of an
m-simplex in R,

Corollary 3.10. Let 5" and K™ be as in Theorem 3.8 and let D and M
be the diameter and the microdiameter of S°, respectively, Then for any
point T in §" it is true that

My m=1 )
(3.14) d(T, K) < — [.u - .-:r]

Proof. Consider the length Q of the radius A™ of 5. Then, we have
that

Q = max {d(¥, K™

LEA E
Using Theorem 3.8, we find, apparently, that

QﬁJL[W"“miiyﬂqmwm*

12

m+1

- - R il T
QﬂmH{D Ml
Consider now the closed nball B (K™, Q) with center K™ and radius Q.
Then it is easy to see that 5" C B (K", Q). Consequently, for any point T
in 8" we obtain

- m z_m—l : |
dﬂ".K}ﬁzﬂﬂ—mH[D - M]

which proves the corollary. O

Theorem 3.11. Kearfott [6]). Let S be an m-simplex in |, let p be any
positive integer, and lef 53 be any m-simplex produced after p bisections of
S5 Then

@215 D,<(/3/2 /M p,

where Dy, and D, are the diameters of 5% and S5 respectively,
and |p/m| is the largest integer less than or equal to p / m.

Proof. See [6. pp. 1149-1151]



172 M. VRAHATIS

Corollary 3.12. Let S;, S5, Do, and D, be as in Theorem 3.11
and let Ky and M, be the barycenter and the microdiameter of Sp,
respectively. Then for any point T in S5 the following is valid

316 AT, Kp<—= (/3/2) l/m p,.

Proof. By combining (3.14) and (3.15), it follows that

m=—1
2m

my o M g g P2 om |p/m]
dT, K™} < —= D} M2 S— (372 Dy

which proves the corollary. O

Remark 3.13. Better estimates of the bound in (3.16) for triangles can
be proved using the results of [1], [12] or [14] instead of Theorem 3.11.

Mow we shall apply the preceding results to obtain a proof of convergence
and an upper error bound for the generalized method of bisection applied
to root-finding.

Definition 3.14. Let §" be an n-simplex in R"; let D and M be the
diameter and the microdiameter of S", respectively. Suppose that there is a
roof r of the system (1.1) in §". Then we define the barycenter K™ of 5" as

o . _ g =1 i
an approximation to r and the quantity E = 7 {D = M ) as
an error estimate for K.

Corollary 3.15. Suppose that Sp is the selected n-simplex produced
after p bisections of an n-simplex S5 in R"; let Dy and M, be the diameter
and the microdiameter of 5;, respectively. Suppase that r is a solution of
the system (1.1), which is included in Sy and that K and E, are the
approximation of r and the error estimate of Kp, respectively. Then it can
be shoun that

L e/ n)
(a) B € — (V3/8) Dy

) E. < (v/3/2 B/ E,

Proof. By assumption, using (3.16), we have
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_(/3/2 ®/Mp,

which proves the first part of the corollary.
Mext, using (3.16), we find

et Mt (VTR AR B Ve

Iz

Since D%{ﬁfﬂ}lm;ﬂf%‘l we obtain
Epﬂw"‘fzﬂ—""’” . [m- IM*] = (/3/2 B/,
which proves the part (b) of the corollary. O

Corollary 3.16. Suppose that r, K, and E, are as in the preceding
corolfary. Then

B —0 a8 p—w
and
Ko —r as p —oe

Proof. It follows directly from the above corollary. O
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